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Preface

In real world systems, the underlying dynamics is most often
available in the form of scalar time series. Examples include Light
curve from a star, data from an Electrocardiography (E.C.G) or Elec-
troencephalogram (E.E.G), weather or climate data, stock market data
regarding price and trade etc. As certain nonlinear systems show
the property of “deterministic chaos” in their temporal evolution,
researchers are more curious to study such time series. Nonlinear
Time Series Analysis spans a set of methods that extract dynamical
information from a time series data. This is achieved by reconstruct-
ing the dynamics in a multi-dimensional state space using delay-
embedding technique. For dissipative dynamical systems, variables
evolve asymptotically towards a low dimensional attractor which
defines their dynamical properties. The real world dynamical sys-
tems are generally too complex for us to directly observe these at-
tractors. Nonlinear Time Series analysis tools help us to extract in-
formation regarding the underlying attractor which governs the dy-
namics of the system under consideration. Many quantifying mea-
sures like the correlation dimension (D2), correlation entropy (K2),
Lyapunov exponent etc, are commonly used for the characterization
and to gather information regarding the nature of the underlying at-
tractors. But, for the accurate computation of the above measures,
one usually needs a sufficiently long time series that spans continu-
ous data points (of the order of 30000 or more). This condition makes
it difficult for the accurate computation of the above measures from
real world data since the time series from many real world systems
are short, noisy and non-stationary.

In this thesis, novel methods and measures are proposed and im-
plemented for the characterization of time series by adopting a com-
plex network approach that has become popular over the last one
decade or so. The basic technique in this approach is to transform
the given time series to a complex network based on certain criterion
and use the statistical measures of the resulting network to character-
ize the underlying attractor. A fundamental property of all dynami-
cal systems, namely the recurrence of trajectory points is utilized for
the construction of the complex network. The resulting network is
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an un-weighted and un-directed network called the “recurrence net-
work”. An advantage of this method we like to highlight is that, us-
ing this method we can characterize even short and non-stationary
time series data from the real world, which are otherwise difficult
to characterize using conventional methods mentioned above. This
becomes possible since network measures can be accurately derived
from comparatively small number of nodes in the network.

There are two important parameters for the construction of the
recurrence network (RN), namely, the critical recurrence threshold
(denoted by ε) and the embedding dimension (M) for reconstructing
the dynamics from the scalar time series. We propose and imple-
ment a non subjective scheme for the construction of RN from any
time series and show that the above two parameters are to be closely
linked to transfer optimum information from time series to network.
In fact, we are able to identify a small critical range numerically that
is approximately the same for random and several standard chaotic
time series for a fixed embedding dimension M. This provides us a
uniform framework for the non subjective comparison of the statis-
tical measures of the recurrence networks constructed from various
chaotic attractors. Here we explicitly show that the degree distri-
bution (which is a prominent network measure) of the recurrence
network constructed by our scheme is characteristic to the structure
of the attractor and display statistical scale invariance with respect
to increase in the number of nodes (N). We also show two practical
application of this scheme, (i) detection of transition between two
dynamical regimes in a time-delayed system and (ii) identification
of the dimensionality of the underlying system from real-world data
with a limited number of points through recurrence network mea-
sures.

This work undertook a detailed numerical investigation to un-
derstand how the addition of white and colored noise to a chaotic
time series changes the topology and the structure of the underlying
attractor reconstructed from the time series. The methods and mea-
sures of recurrence plot and the recurrence network generated from
the time series by the new scheme proposed in this thesis is used for
the analysis. Here it is explicitly shown that the addition of noise
obscures the property of recurrence of trajectory points in the phase
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space which is the hallmark of every dynamical system. However,
the structure of the attractor is found to be robust even up to high
noise levels of 50%.

By using the result obtained from the above analysis, the light
curves from a dominant black hole system is analysed and it is shown
that the recurrence network measures are capable of identifying the
nature of noise contamination in a time series.

In this thesis, the effectiveness of the recurrence network mea-
sures is tested in analyzing real world data involving two main types
of noise, white noise and colored noise. Here two prominent net-
work measures are used as discriminating statistic for hypothesis
testing using surrogate data for a specific null hypothesis that the
data is derived from linear stochastic process. It is also found that
one of the measures, namely, the characteristic path length is es-
pecially efficient as a discriminating measure with the conclusions
reasonably accurate even with limited number of data points in the
time series. An additional advantage of the network approach is
also highlighted here in identifying the dimensionality of the sys-
tem underlying the time series through a convergence measure de-
rived from the probability distribution of the local clustering coeffi-
cients. As examples of real world data, the present work uses the
light curves from a prominent black hole system (GRS 1915+105)
which are classified into 12 spetroscopic states. We show that a com-
bined analysis using three primary network measures, namely, de-
gree distribution, global clustering coefficient (CC) and characteris-
tic path length (CPL), can provide vital information regarding the
nature of the temporal variability of light curves from different spec-
troscopic classes.

Finally, a novel measure of degree heterogeneity is also proposed,
for un-weighted and un-directed complex networks, which requires
only the degree distribution of the network for its computation. It is
shown here that the proposed measure can be applied to all types of
network topology with ease and increases with the diversity of node
degrees in the network. The measure is applied to compute the het-
erogeneity of synthetic (random networks) and real-world networks
with its value normalized in the interval [0, 1]. To define the mea-
sure, a limiting network is introduced whose heterogeneity can be
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expressed analytically with the value tending to 1 as the size of the
network N tends to infinity. As a specific application, it is shown here
that the proposed measure can be used to compare the heterogeneity
of the recurrence networks constructed from the time series of sev-
eral low-dimensional chaotic attractors, thereby providing a single
index to compare the structural complexity of chaotic attractors.

The Thesis has been organized as follows:

1. Chapter 1 provides the general overview about Chaos and
Nonlinear Time Series Analysis. We have also given a basic
idea about the quantifying measures of deterministic chaos,
namely, box counting dimension (D0), correlation dimension
(D2) and Lyapunov exponent. A brief explanation about the
different types of noises are also given here which we have
used in this work. The reconstruction of the phase space from
the given time series using “delayed coordinate embedding”
using proper choice of delay time (τ ) and embedding dimen-
sion (M) is also explained in this chapter, which forms the back-
bone of Nonlinear Time Series Analysis (NTSA). Also an intro-
duction to the surrogates and the analysis of time series using
surrogates are also included in this chapter.

2. In Chapter 2 the complex network approach to Nonlinear Time
Series Analysis is discussed in detail. Here, we discuss the ba-
sic idea, the types of networks and about the adjacency ma-
trix. Also the important network measures like “probability de-
gree distribution”, “global clustering coefficient”, “characteris-
tic path length” and “link density” are explained with exam-
ples. The concept of recurrence plot (RP) and recurrence net-
work (RN) as well as the methods for constructing the complex
network from a given time series are presented.

3. In Chapter 3 we propose a new scheme for the selection of
the critical threshold for the construction of recurrence network
from the time series. We show that this new scheme provides
a uniform framework for the non subjective comparison of the
statistical measures of the recurrence network constructed from
different chaotic attractors. Two practical applications of the
scheme are also demonstrated in this chapter.
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4. In Chapter 4 we discuss the details of the numerical investi-
gation done to understand how the topology of the recurrence
networks constructed from chaotic time series is affected when
different percentage of white and colored noises are added. We
also undertake a detailed analysis of the light curve data from
the black hole GRS 1915+105 and show that recurrence network
measures are capable of identifying nature of noise present in
real world data.

5. In Chapter 5 we show that “characteristic path length” is a
prominent network measure which can be used as the discrim-
inating statistic in hypothesis testing using surrogate data for
a specific null hypothesis that the data is derived from linear
stochastic process. Moreover we have defined a convergence
measure that is derived from the probability distribution of the
local clustering coefficients for the finding the true embedding
dimension (M). We use this measure to find the true dimen-
sions of the different classes of light curves from the black hole
system.

6. In Chapter 6 we propose a new measure for degree heterogene-
ity which we have defined for un-weighted and un-directed
complex networks. Here we show that the proposed measure
can be used to compare the heterogeneity of the recurrence net-
works constructed from the time series of several low dimen-
sional chaotic attractors, thereby providing a single index to
compare the structural complexity of chaotic attractors.

7. In Chapter 7 we summarize our results and discuss future pos-
sibilities.
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Chapter 1

Chaos and Nonlinear Time
Series Analysis

1.1 Introduction

Dynamical systems are usually modelled as a set of coupled differ-
ential equations or difference equations, called ”maps”. In the case
of real world systems, the information regarding the temporal evolu-
tion is most often available in the form of a scalar time series of a sin-
gle variable. Thus, the goal of time series analysis is to understand
the dynamics occurring behind some observed time-ordered data.
Different time series arising out of a process are particular realiza-
tions of its dynamics in time. Time series can be a Light Curve from a
star, data from an Electrocardiography (E.C.G) or Electroencephalo-
gram (E.E.G), weather or climate data, stock market data regarding
price and trade etc. The time series of a process can either be linear
or nonlinear and that depends on the dynamics of the underlying
system. Further more, certain nonlinear systems may show the spe-
cific property of ”deterministic chaos”, in their temporal evolution.
Such systems are amneble to characterization using a wide range of
tools from chaos theory which make their analysis even more excit-
ing. This Thesis focuses on the analysis of time series data whose
underlying dynamics are inherently nonlinear. Here novel methods
and measures are proposed and implemented for characterization of
time series data based on the recently developed tools of recurrence
plot and recurrence network.

The basic technique adopted in this thesis is to transform the
given time series to a complex network based on certain criterion.
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Chapter 1. Chaos and Nonlinear Time Series Analysis

A fundamental property of all dynamical systems, namely the recur-
rence of trajectory points, is utilized for the construction of the com-
plex network. The resulting network is an unweighted and undi-
rected network called the ”recurrence network”. An advantage of
transforming from time domain to network domain is that even short
and nonstationary time series data from the real world can be char-
acterized using this technique since network measures can be accu-
rately derived from small number of nodes in the network.

Two important parameters for the construction of recurrence net-
work (RN) are the critical recurrence threshold (denoted by ε) and the
embedding dimension (M ) for reconstructing the dynamics from the
scalar time series. A non subjective scheme is proposed and imple-
mented in this thesis for the construction of RN from any time series
and shown that the above two parameters are to be closely linked to
transfer optimum information from time series to network. Several
practical applications of the scheme are also presented.

Using the methods and measures developed in this work, a de-
tailed numerical investigation is done to understand how the addi-
tion of white and colored noise to a time series affect the topology
and structure of the underlying attractor. By using the results ob-
tained from synthetic time series added with noise, the analysis on
the light curves from a dominant black hole system GRS 1915+105 is
also done. It is shown that the analysis using network measures can
provide vital information regarding the temporal behaviour of the
light curve that have been classified into 12 temporal classes [1].

1.2 Deterministic Chaos

1.2.1 Basic Idea

Sometimes time series from systems which are very simple and de-
terministic will apparently show complex temporal behaviour, that
appear to be erractic and almost random. It looks as if the under-
lying system is having many degrees of freedom. However, from
the analysis of simple chaotic models over the last four decades, it
has become clear that this type of behavior can occur in very simple
systems with a few degrees of freedom which are noise free. These
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systems are essentially deterministic, which means precise knowl-
edge of the initial conditions of the system at one time allow us, at
least in principle, to predict exactly the future behaviour of the sys-
tem. However, in practice, their behaviour is chaotic in the sense
that long time prediction becomes impossible. The key element in
understanding chaos is ”sensitive dependence on initial conditions”,
which is a characteristic property of certain ”nonlinear systems”. By
this property, an infinitesimal error in the initial condition diverges
exponentially in time making the long time prediction of the system
impossible. Systems having this property are called “chaotic”.

1.2.2 Quantifying measures

There are several reasons why we need quantifying measures for
the study of chaos. Firstly, we need some quantitative way of rec-
ognizing chaos and sorting out ”true” chaos from noisy behavior.
Secondly, some of these quantifiers can give us an estimate of the
number of (active) degrees of freedom required to characterize the
system. Thirdly, we can anticipate that there are analogous universal
features (both quantitative and qualitative) that describe the transi-
tion of the system’s behavior and changes of its behavior within its
chaotic regime as a control parameter of the system is changed. Fi-
nally, it is possible to correlate changes in the quantifiers of chaotic
behavior with changes in the physical behavior of a system. Several
measures have been developed for quantifying chaos. Some of them
are discussed below in some detail.

1.2.2.1 Box Counting Dimension D0

Box counting dimension is a quantifier which is often called as capac-
ity dimension. It is so called because for its calculation several set of
boxes (or cells) are used. This particular measure is difficult to com-
pute when we try to find the dimensions in higher dimensional state
spaces. It was first applied to dynamical systems by Kolmogorov [2].

The procedure for determining the box-counting dimensionD0 of
a geometric object is as follows:

• Construct boxes of side length R to cover the space occupied by
the geometric object under consideration. For a one-dimensional
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set (such as the string of x values for a one-dimensional state
space trajectory), the boxes are actually line sigements of length
R. In two-dimensions, they would be two-dimensional squares.
In three-dimensions they would be cubes, and so on.

• We then count the minimum number of boxes, N(R), needed to
contain all the points of the geometric object. If we try to reduce
the size of each box, we expect N(R) to increase as R decreases.
That means, we will need a large number of smaller boxes to
cover all the points of the object.

The box-counting dimension D0 is defined to be the number that sat-
isfies,

N(R) = lim
R→0

kR−D0 (1.1)

where k is a proportionality constant. In practice, we find D0 by
taking the logarithm of both sides of Eq.(1.1) (before taking the limit),
to find D0,

D0 =

{
− logN(R)

log(R)
+
logk

logR

}
(1.2)

As R becomes very small, the last term in Eq.(1.2) goes to 0, and
we may define,

D0 = − lim
R→0

logN(R)

log(R)
(1.3)

Even though the box-counting procedure is theoretically straight
forward, its application to the real data is practically difficult, partic-
ularly when the true dimension of the geometric object is higher. The
number of computations required for the box-counting procedure in-
creases exponentially with the state space dimension. Moreover, the
box-counting scheme require to partition the state space with boxes
and then to locate the trajectory points within the boxes, which is a
time consuming process.

1.2.2.2 Correlation Dimension, D2

The computational difficulty for determining the box-counting di-
mension discussed previously can be overcome by defining a delay-
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embedding scheme as shown by Grassberger and Procaccia [3], [4]
based on the behavior of a so-called correlation sum (or ”correlation
integral”). The resulting dimension is called correlation dimension D2

and has been widely used to characterize chaotic attractors from the
given time series. The main advantage of this is that, it uses the tra-
jectory points directly and does not require a separate partitioning
of the state space. Moreover, D2 can be easily computed from a time
series.

To define the correlation dimension, the trajectory (on the attrac-
tor) is allowed to evolve for a long time, and the values of N trajec-
tory points is collected as the data (time series). The time series is
first embedded on a multi-dimensional state space M to reconstruct
the attractor using a suitable time-delay τ which is usually chosen as
the first minimum of autocorrelation. Then for each point i on the
attractor a count Ni(R) is made which gives the number of trajectory
points lying within a distance R excluding the point i itself. Now,
define the relative number of points within the distance R of the ith
point as pi(R) = Ni/(N − 1). (The denominator is taken as N − 1

because there are at most N − 1 other points in the neighbourhood
besides the point i). Finally, the correlation sum C(R) is computed
as :

C(R) =
1

N

N∑
i=1

pi(R) (1.4)

It is to be noted that, C(R) is defined such that C(R) = 1 if all
data points fall within the distance R of each other. If the value of
R chosen is smaller than the smallest distance between the trajectory
points, then pi = 0 for all i, and then C(R) = 0.

The above mentioned condition for pi(R) can be written in terms
of Heaviside step function Θ, whose property is given by,

Θ(x) = 0, if x < 0

Θ(x) = 1, if x ≥ 0
(1.5)

So pi(R) in Eq. 1.4 can be written in terms of Θ as,

pi(R) =
1

N − 1

N∑
j=1,j 6=i

Θ(R− |xi − xj|) (1.6)
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Now Eq. 1.4 can be written in terms of Eq. 1.6 as,

C(R) =
1

N(N − 1)

N∑
i=1

N∑
j=1,j 6=i

Θ(R− |xi − xj|) (1.7)

The correlation dimension (D2) is then defined as the number that
satisfies the condition,

C(R) = lim
R→0

kRD2 (1.8)

Taking logarithm of Eq. 1.8

D2 = lim
R→0

log C(R)

log R
(1.9)

Note that D2 represents the scaling index of C(R) with respect to
R and uses a suitable scaling region in the C(R) for its computation.
D2 is calculate by measuring the value of M and the saturated value
of D2 is taken as the correlation dimension of the attractor.

The results of the analysis using correlation dimension D2 are of-
ten useful for indicating whether the nature of complexity in the data
is chaotic, stochastic or a mixture of the two. Such studies have been
used in various disciplines for understanding complex systems [5]–
[7]. Some of them are, the calculation of the correlation dimension
from the light curve of variable stars [8], quantifying and predicting
the changes in the weather over a short period [9], analysis of mar-
ket variables to predict the financial market [10], estimation of the
dimension of the galactic structure in the visible universe [11]. Be-
side these studies, the dimension values calculated from EEG data of
the human brain have helped in analyzing various states of the brain
and its possible pathological changes [12].

There exists some difficulties to compute the correlation dimen-
sion when two situations arise. Firstly when the data (time series)
is of finite length [13] and secondly, when the data is contaminated
with noise. The former results in ”edge effects”, producing down-
ward bias in the correlation exponent estimates [14], [15]. For the
computation of D2 in the latter case, one has to consider the type of
noise contaminating the data since there are various kinds of noises
that can exist in a physical system. Among the different kinds of
noises contaminating the data, the presence of Gaussian white noise
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tends to fill the available phase space. As a result the value of D2

computed for the system will increase. This effect has been stud-
ied by many authors [16]–[18] and it has been shown that reasonable
estimation of D2(M) is possible only for moderate noise contamina-
tion.

The contamination with the colored noise make it difficult to study
the dynamics of a system using D2 . The presence of colored noise
is very common just like gaussian white noise in a wide variety of
physical and biological systems, for example, in Brownian motion,
astrophysical systems, neurons and solid state devices. The reason
for the difficulty to study the system contaminated with colored noise
is that, pure colored noise also produces a well saturated value of D2

[19]. However, colored noise is basically a correlated stochastic pro-
cess, with a power law dependence P (f) ∝ 1/fα, where f is the
frequency. The power spectral indices α = 1 and 2 corresponds to
”pink” and ”red” noise respectively, while α →0 gives white noise.
The D2 value depends on the power spectral index α via the relation
[19]

D2 = 2/(α− 1) (1.10)

A detailed analytic study of colored noise has been undertaken by
Theiler [20]. The effect of colored noise contamination on the com-
putation of the correlation dimension has been studied by Redaelli
et.al. [21], who show that the increase in the correlation dimension is
less for colored noise as compared to white noise. The scaling region
which is used to compute the correlation dimension is less affected
by the contamination of colored noise.

As the colored noise have a well definedD2, further analysis is re-
quired to distinguish low dimensional chaotic data (which may have
colored noise contamination) from a pure noisy time series. The stan-
dard technique used to make such distinctions is surrogate data anal-
ysis with a discriminating statistic [22]–[24]. More details regarding
the computation of D2 and surrogate analysis are discussed in sec-
tion 1.4.
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1.2.2.3 Lyapunov Exponents, λ

Lyapunov exponent is the rate of convergence or divergence of two
nearby trajectories in state space. For a chaotic system, two infinites-
imally close trajectories diverge exponentially at least in one direc-
tion. In the case of a one dimensional state space, let x0 be one initial
point and x a nearby initial point. Let x0(t) be the trajectory that
arises from that initial point, while x(t) is the trajectory arising from
the other initial point. Suppose the distance between the two tra-
jectories is s = x(t) − x0(t). Let the time development equation be
x(̇t) = dx(t)

dt
= f(x)

Since we assume that x is close to x0, we can use a Taylor series
expansion to write

f(x) = f(x0) +
df(x)

dx

∣∣∣∣∣
x0

(x− x0) + .... (1.11)

The rate of change of distance between the two trajectories is
given by

ṡ = ẋ− ẋ0

= f(x)− f(x0)

=
df(x)

dx

∣∣∣∣∣
x0

(x− x0)

(1.12)

where we have kept only the first derivative term in the Taylor
series expansion of f(x). Since we expect the distance to change ex-
ponentially in time, we introduce the Lyapunov exponent λ as the
quantity that satisfies

s(t) = s(t = 0)eλt (1.13)

If we differentiate Eq.(1.13) with respect to time, we get

ṡ = λs(t = 0)eλt

= λs
(1.14)

Now comparing Eq.(1.14) and Eq.(1.12) yields

λ =
df(x)

dx

∣∣∣∣∣
x0

(1.15)
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Thus from Eq.(1.15) we see that if λ is positive, then the two tra-
jectories diverge; if λ is negative, the two trajectories converge.

1.3 Nonlinear Time Series Analysis (NTSA)

Nonlinear time series analysis span a set of methods that extract dy-
namical information from a time series data. Its importance lies in
the fact that for many real world systems, information regarding
their temporal behavior is available only through a scalar time se-
ries of a single variable. For dissipative dynamical systems, variables
evolve asymptotically towards a low-dimensional attrator which de-
fine their dynamical properties. The real world dynamical systems
are generally too complex for us to directly observe these attractors.
Nonlinear time-series analysis tools help us to know more about un-
derlying attractor which controls the dynamics of the system under
consideration. Phase space reconstruction is the backbone of the non-
linear time-series analysis and two pioneering papers laid the foun-
dation for this analysis. The first one was proposed by N. H. Packard
et al. in 1980 [25] and the other in 1981 by F. Takens [26]. Their works
introduced the concept of Phase space reconstruction into dynami-
cal systems theory. Eckmann and Ruelle [27] also have role in the
extension of the work.

Packard et al. gave the techniques regarding the reconstruction
of phase space (state space) from the univariate observational data
of any dissipative dynamical system as well as the method for deter-
mining the number of independent variables (dimension) needed for
specifying the state of the system at any given instant. As a demon-
stration of the method proposed by Packard et al., here we make use
of a standard model of dynamical system (Rössler System) that can
be described by a set of three ordinary differential equations that are
given by,

ẋ = −(y + z),

ẏ = x+ ay,

ż = b+ xz − cz

(1.16)

with values of control parameters as a = 0.2, b = 0.2 and c = 5.7.
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FIGURE 1.1: Rössler Chaotic Attractor - (a) using the
solutions of Eq.(1.16) (b) Reconstructed attractor us-
ing coordinates x(t) , ẋ(t) and ẍ(t), (c) Reconstructed
attractor with 2% white noise and (d) with 4% white

noise

The solutions of these equations have a chaotic attractor which
is illustrated in Figure 1.1(a). According to Packard et al.., the idea
behind the reconstruction of the attractor is that, to specify the state
of a three dimensional system at any given time, the measurement
of any three independent quantities should be sufficient. In other
words, any such sets of three independent quantities which uniquely
and smoothly label the states of the attractor are diffeomorphically
equivalent. So using any one time series obtained by sampling a
single coordinate of Eq.(1.16), one can obtain a variety of three inde-
pendent quantities. One possible set of three such quantities is the
value of the coordinate with its values at two previous times, say
x(t), x(t − τ) and x(t − 2τ). As mentioned in the paper by Packard
et al., another set of three coordinates can be obtained by making the
delays small and taking differences which gives the coordinates for
the reconstruction as x(t), ẋ(t) and ẍ(t). Figure 1.1(b) shows the re-
constructed Rössler attractor. The effect of white noise on a synthetic
time series is shown in Figure 1.1(c) and (d) when 2% and 4% white
noise is added respectively to the orginal time series x(t) . It can be
seen that with 4% white noise contamination, the attractor loses its
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topological structure in the phase space. So the method proposed by
Packard et al. is not robust to even small percent of noise. So it is
not practical to apply this method to the real world systems as it is
contaminated with different types and levels of noise. This method
works fine only with the noise free time series.

Floris Taken formalized the concept of Packard et al. which is
named as Taken’s Theorem or delayed co-ordinate embedding theo-
rem which is now conventionally used for the nonlinear time-series
analysis.

1.3.1 Delay-coordinate embedding

The conventional method for phase space reconstruction is delay-
coordinate embedding. It allows one to reconstruct the complete dy-
namics of a complex nonlinear system from a univariate time series.
If the reconstruction is done correctly, it guarantees that it is topolog-
ically identical to the true dynamics of the underlying system since
important properties of dynamical systems are invariant under dif-
feomorphism. In this method, a series of past values of a single vari-
able x(t) from a dynamical system are used to form a vector that
defines a point in the new space. So for constructing M dimensional
space, one must make M -dimensional vectors ~R(t) from M time de-
layed samples of the measurements x(t), such that

~R(t) = [x(t), x(t− τ), x(t− 2τ), ..., x(t− (M − 1)τ)] (1.17)

One can also use future values of x(t) for making theM -dimensional
vectors which is mathematically equivalent of taking past values of
x(t) as mentioned above. But for practical applications like predic-
tion, we normally take the past values.

1.3.1.1 Estimation of Time Delay (τ )

It is very important to know what value of delay τ for a given time
series gives the correct delayed coordinates for reconstructing the
equivalent topological structure that holds the properties of the true
underlying dynamics. The original embedding theorem only require
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FIGURE 1.2: Reconstructed Rössler attractor with two
coordinates with delay τ= 1, 5, 25 and 35

that τ must be nonzero and not a multiple of any orbit’s period. This
is valid only on an infinite noise free time series data. In real situ-
ations, the time series may be noisy and finite-length. In such situ-
ations one needs a higher value of τ to unfold the dynamics of the
underlying system. If we choose τ very small, the M coordinates
in each of the vectors given in Eq.(1.17) are strongly correlated. So
the phase space dynamics after reconstruction will lie close to the
main diagonal of the reconstructed phase space. This is shown in
Figure 1.2 using the solution for x(t) of the Rössler system given by
Eq.(1.16), which is a univariate time series and using τ = 1. Here
the reconstruction is done with coordinates x(t) and x(t − τ). The
reconstructed Rössler attractor with τ = 5, 25 and 35 are also shown
in the Figure 1.2. If we choose the τ improperly, the reconstruction
will not unfold the subspace of the underlying system, as a result,
the topology will not be conjugate to the true dynamics.

So estimating the proper value of τ for a given time series is a
challenging task. In the past few decades, many methods have been
proposed for estimating the embedding parameters - delay τ and
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embedding dimension M . But there is no universal method for se-
lection of τ since the underlying process is system-dependent. More-
over, a value of τ that works well for one purpose may not work well
for another. A few of the methods commonly used are mentioned be-
low.

1. The first zero of the autocorrelation function of the time series
is taken as the proper delay τ , since it gives the smallest τ that
maximizes the linear independence of the coordinates of the
embedding vector.

2. The first minimum of the autocorrelation function is taken as τ .

3. The first minima of the average mutual information [28] is taken
as τ .

4. The first minima of the correlation sum [29], [30] is taken as τ

Methods 2 and 3 mentioned above occur at τ values that maxi-
mize more-general forms of independence. It is to be noted that, we
need the smallest τ because the reconstructed attractor can fold over
onto itself as the value of τ increases, which creates difficulties for
the analysis. Besides the above mentioned methods, there has been
some theoretical discussions that help to find the optimal τ [31].

1.3.1.2 Estimation of embedding dimension (M )

The second important parameter for the reconstruction is the em-
bedding dimension M . As in the case of delay τ , larger values of
M are not good, since a single noisy point in the time series will af-
fect M number of the points in M -dimensional embedding. So one
should find the smallest value ofM that properly unfold the topolog-
ical structure that is conjugate to the underlying dynamics. As an ex-
ample, in the case of Rössler system, the trajectory in the phase space
will not cross each other. But when we do embedding in M = 2,
the trajectory crossing occurs as in Figure 1.2. Here the embedding
does not succeed in unfolding the subspace of the underlying sys-
tem. So to reconstruct properly we have to embed in higher dimen-
sion greater than M = 2. Reconstructed Rössler attractor with delay
τ = 25 embeded in dimensions M = 2 and M = 3 are shown in
Figure 1.3. It can be seen clearly that the crossing trajectories when
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embeded withM = 2 are unfolded properly withM = 3. So the min-
imum embedding dimension for the Rössler attractor is M = 3. The
fractal dimension of Rössler attractor is slightly above 2. For the val-
ues of control parameters a = 0.2, b = 0.2 and c = 14 in Eq. (1.16) the
fractal dimension is estimated between 2.01 and 2.02. So minimum
embedding dimension for unfolding the subspace of the underlying
dynamics of Rössler system is M = 3

FIGURE 1.3: Reconstructed Rössler attractor with
M = 2 (left) and M = 3 (right)

The original embedding theorem require thatM > 2d to assure the
reconstruction is proper, where d is the true dimension of the under-
lying dynamics. But in real situation, d is rarely known. There are
some methods to compute the embedding dimension with funda-
mental concepts comprising the basic requirement of the embedding
theorem. Some of these methods are : The singular value decompo-
sition of the sample covariance matrix, the saturation of some invari-
ant quantity, the method of true vector fields, the cross validation
method and the method of false nearest neighbours.

We tested the cross validation, the saturation of invariants and
the false nearest neighbours methods. The best results were obtained
with the False Nearest Neighbours (FNN) method proposed by Ken-
nel et al.[32] which we used in this work. It is explained in the fol-
lowing section.

In an FNN based method, the calculations are based on the idea
that in the passage from dimension M to dimension M + 1, one can
differentiate between points on the orbit x(t) that are ”true neigh-
bours” and points on the orbit x(t) which are ”false neighbours”. A
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false neighbour is a point in the data set, that is a neighbour solely
because we observe the orbit (attractor) from an embedding spaceM
lower than the true dimension ME of the system (M < ME). When
we achieve the proper embedding dimension or higher (M ≥ ME),
all neighbours of every orbit point in the multivariate phase space
will be true neighbours. This can be demonstrated with Hénon map
[33].

In Figure 1.4a, the projection of Hénon map onto a M = 1 di-
mensional phase space (the x-axis) as well as in a M = ME = 2

dimensional embedding space is shown. Points B and C appear to
be neighbours in the projection on to the x axis (M = 1). A mag-
nified portion of the Hénon map is shown in Figure 1.4b to clearly
show the points A, B and C. Now when it is embedded in dimension
(M = ME = 2), points A and B almost stay together, but the point C
moves away from point B. It shows that, point C is not a true neigh-
bour of point B as seen when embeded inM = 1. So point C is a false
neighbour of point B but since point A stay near to B in dimensions
M = 1, M = 2 and in higher, it is a true neighbour.

From the mathematical point of veiw, if we are in M dimensions,
we denote the nth nearest neighbour of a reference point x(t) by xn(t).
Then from Eq. 1.17, the square of the Euclidian distance between the
point x(t) and this neighbour xn(t) is given by,

R2
M(t, n) =

M−1∑
k=0

[x(t+ kτ)− x(n)(t+ kτ)]2 (1.18)

R2
M(t, n) = (x(t)− x(n)(t))2 + (x(t+ τ)− x(n)(t+ τ))2

+ ...+ (x(t+ (M − 1)τ)− x(n)(t+ (M − 1)τ))2 (1.19)

By increasing the dimension toM+1, the distance between he ref-
erence point and its neighbours is altered due to the new co-ordinates
x(t + Mτ) and x(n)(t + Mτ) . So now the square of the distance be-
tween them is given by,

R2
M+1(t, n) = R2

M(t, n) + (x(t+Mτ)− x(n)(t+Mτ))2 (1.20)
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The criteria for checking whether the embedding has fully un-
folded the underlying dynamics is that, we measure the increase in
distance between x(t) and x(n)(t) when going from dimension M to
M+1. The change in distance can be obtained from Eq. 1.18 and 1.20.
The criteria for deciding a neighbour is a true or a false neighbour is
that

[
R2
M+1(t, n)−R2

M(t, n)

R2
M(t, n)

]1/2

=
|x(t+Mτ)− x(n)(t+Mτ)|

RM(t, n)
> Rtol

(1.21)
where Rtol is some threshold and if 10 ≤ Rtol ≤ 50, the number of

false neighbours identified by this criterion is constant.

1.4 Introduction to surrogate analysis

The prime important analysis that needs to be undertaken on a time
series data before one apply nonlinear techniques, is to find whether
the use of such advanced nonlinear techniques is justified by the
data. To answer this, a statistical approach for identifying nonlinear-
ity in the time series data has been developed, known as surrogate
data analysis . The basic idea in this method is to formulate a null
hypothesis that the data has been created by a stationary linear pro-
cess, then generates surrogate data sets which are consistent with this
null hypothesis and finally computes a discriminating statistic for the
original and for each of the surrogate data sets thereby rejecting the
null hypothesis. Ideally, surrogate data sets should be analogous to
the original data in terms of the power spectrum and distribution of
values. The method used to generates surrogate data, namely the
Amplitude Adjusted Fourier Transformation (AAFT), was originally
proposed by Theiler and co-workers [22].

1.4.1 Amplitude adjusted Fourier transform(AAFT) al-

gorithm

In the work of Theiler et al. [22], an algorithm is introduced to gen-
erate surrogate data sets associated with the null hypothesis, that the
observed time series is a monotonic nonlinear transformation of a
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1.4. Introduction to surrogate analysis

linear gaussian process. The basic idea of this algorithm is first to
rescale the values in the original time series to transform it to gaus-
sian. Then Fourier transform ( FT) and Windowed Fourier Transform
( WFT) algorithm can be used to make surrogate time series which
have the Fourier spectrum as the rescaled data. Finally, the gaussian
surrogate is then rescaled back to have the amplitude distribution as
the original time series.

The steps for the generation of the surrogate data proposed by
Theiler et al. [22] is explained below:

Let x[t] be the orginal time series, with t = 0, ......, N − 1. The first
step is to make a gaussian time series y[t], where each element is gen-
erated independently from a gaussian pseudorandom number gen-
erator. Next, one has to re-order the time sequence of the gaussian
time series so that the ranks of both time series agree; that is, if x[t] is
the nth smallest of all the x’s, then y[t] will be the nth smallest of all
the y’s. Therefore the re-ordered y[t] is a time series which ”follows”
y′[t] in the sense that the ranks agree. Then the time re-ordered time
series provides a surrogate of the original time series which matches
its amplitude distribution. So the ”underlying” time series y[t] and
y′[t] are gaussian and have the same Fourier power spectrum.

In Chapter 5, the surrogate analysis of time series using Network
measures is discussed.
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Chapter 1. Chaos and Nonlinear Time Series Analysis

(a) Hénon map after embedding in dimensions M = 1 (bottom) and
M = 2 (top)

(b) Magnified region of Hénon map showing the true and false neigh-
bours after embedding in dimensions M = 1 (bottom) and M = 2 (top)

FIGURE 1.4: False Nearest Neighbours moves away
when properly embeded. (Demonstration with Hénon

map)
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Chapter 2

Network Approach to
Nonlinear Time Series Analysis

2.1 Introduction

Modern data analysis techniques has been achieving more popular-
ity in many scientific disciplines for understanding the underlying
complex dynamics of the system. For the past few decades, the con-
ventional methods like estimation of fractal or correlation dimen-
sions, Lyapunov exponents and mutual information have been widely
used [24], [34], [35] for studying the underlying dynamics. However,
most of these methods require long time series data.

In the last two decades, method of recurrence plot has been devel-
oped as a new technique for the analysis of time series of complex dy-
namical systems. With this new method, a large and diverse amount
of information regarding the dynamics of the underlying system can
be extracted and statistically quantified using the measures devel-
oped for the analysis of recurrence plot. This technique has been of
much interest in many disciplines [36]. In this chapter we discuss in
detail the procedures involving the transformation of time series into
a complex network and about the network measures.

2.2 Complex Networks

2.2.1 Basic Idea

A network is a set of items, which is normally called as vertices or
sometimes nodes, with connections between them. These connec-
tions are called edges Figure 2.1. The concept of networks was first
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Chapter 2. Network Approach to Nonlinear Time Series Analysis

introduced by Leonhard Euler in 1736 in his paper ”Seven Bridges of
Königsberg” in which he gave the solution of the Königsberg bridge
problem [37]. Eulers mathematical description of vertices and edges
laid the foundation of graph theory, which is a branch of mathe-
matics that studies the properties of pairwise relations in a network
structure. In the world, there are many systems which exists in the
form of networks (also called ”graphs” from the mathematical view-
point). Examples include the Internet, the World Wide Web, social
networks,

FIGURE 2.1: A sample network with four vertices and
four edges

organizational networks, network of business relations between
companies, neural networks, metabolic networks, food webs, dis-
tribution networks such as blood vessels or postal delivery routes,
networks of citations between papers, and many others. As an ex-
ample, four different areas where the concept of network is utilized
is shown below. (a) A network consisting of Manufacturing, Market-
ing and finance Figure 2.2, (b) Neural network of brain Figure 2.3,
(c) Protein Network for regulating blood coagulation by inactivating
factors Va and VIIIa by the protein C (PROC) vitamin Figure 2.4 and
(d) Model Network of European - wide electricity grid showing ac-
tive power exchanges in Mega Watt (MW) between regions Figure
2.5 are shown.
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2.2. Complex Networks

FIGURE 2.2: A network of Manufacturing, Marketing
and finance (Credit : Rob Cross )

FIGURE 2.3: Neural network of brain (Credit : Labo-
ratory for Complex Brain Networks, North California,

USA)

FIGURE 2.4: Protein C (PROC) network for regulating
blood coagulation (Credit : String)
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Chapter 2. Network Approach to Nonlinear Time Series Analysis

FIGURE 2.5: European - wide electricity grid model
network (Credit : JRC Smart Electricity Systems and

Interoperability, European Commission)

2.2.1.1 Types of Networks

The simplest type of network is a set of vertices joined by edges. For
instance, vertices or edges have a variety of properties numerically or
otherwise, associated with them as shown in Figure 2.6. As an exam-
ple, we take the social network of people, the vertices may be men or
women, people of different nationalities, locations, ages, incomes, or
many other things. Edges may represent friendship, professional ac-
quaintance or geographical proximity. They can carry weights, rep-
resenting, how well two people know each other. They can also be di-
rected, pointing in only one direction. Graphs composed of directed
edges are themselves called directed graphs or sometimes digraphs,
for short. A graph representing telephone calls or email messages
between individuals would be directed, since each message goes in
only one direction. Directed graphs can be either cyclic, meaning
they contain closed loops of edges, or acyclic meaning they do not.
Some networks, such as food webs, are approximately but not per-
fectly acyclic.

2.2.1.2 Adjacency Matrix

In graph theory, an adjacency matrix is a square matrix used to rep-
resent a finite graph. It is a matrix with rows and columns labeled by
graph vertices. The elements of the matrix indicate whether pairs of
vertices are adjacent or not in the graph. In the special case of a finite
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2.2. Complex Networks

FIGURE 2.6: Examples of various types of networks
: (a) an undirected and unweighted network (b) a
weighted network in which each edge has a weight (c)
a directed network in which each edge has a direction.

simple graph, the adjacency matrix is a (0,1) - matrix with zero on
its diagonal. As an example, the adjacency matrix for the simple un-
weighted, undirected (Auw) network shown in Figure 2.6(a) is given
by,

Auw =


0 1 0 1

1 0 1 1

0 1 0 0

1 1 0 0


The above adjacency matrix is symmetric with respect to the diag-

onal and its elements takes the values 0 and 1 only. But for weighted
network the matrix elements can take any positive values including
0 and 1. In the case of a directed network, the matrix will be asym-
metric with respect to the diagonal. Similarly, the adjacency matrix
for the weighted network (Aw) and unweighted but directed network
(Ad) shown in Figures 2.6 (b) and (c) are given by,

Aw =


0 0.4 0 0.6

0.4 0 0.9 0.1

0 0.9 0 0

0.6 0.1 0 0



Ad =


0 0 0 0

1 0 1 1

0 1 0 0

1 0 0 0
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2.2.1.3 Properties of Networks

The simplest useful model of a network is the random graph (RG),
first studied by Rapoport [38]–[40] and by Erdős and Rényi [41]–[43].
In this model, a network is created by placing randomly undirected
edges between a fixed number n of vertices in which each of the
1
2
n(n − 1) possible edges is independently present with some prob-

ability p. The number of edges connected to each vertex (the degree
of the vertex) is distributed according to a binomial distribution or
Poisson distribution in the limit of large n. They have shown several
properties for the random graphs which are now regarded as Erdős
- Rényi (E-R) networks. The measures introduced for the analysis of
RG have become the tools to characterise the structure and evolu-
tion of complex networks. The most important among them are the
degree distribution, characteristic path length(CPL) and the cluster-
ing coefficient (CC). In section 2.2.2, all measures introduced for the
random graph are described in detail.

2.2.2 Measures of complex networks

2.2.2.1 Probability Degree Distribution (PDD)

The degree distribution indicates how many nodes nk among total
number of nodes N have a given degree k. It is usually represented
as a probability distribution P (k) as a function of k, where P (k) =
nk
N

. For E-R networks, one can show that P (k) follows a Binomial
distribution which, for large N and small probability p of connection
tends to the Poisson distribution. The degree distribution and well
as the network of the random graph with number of nodes, N=500
and edge connecting probability, p=0.02 is shown in the Figure 2.7.
The average degree < k > =10 in this graph. In E-R network, the
average degree in the probability degree distribution is given by, <
k >= p ∗N .

2.2.2.2 Characterstic path length (CPL)

The characteristic path length (CPL) denoted by <l> is defined as the
average of shortest path ls connecting every pair of nodes i and j in
the network. For unweighted and undirected networks, ls is defined
as the minimum number of nodes to be traversed to reach from i to j.
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2.2. Complex Networks

FIGURE 2.7: (a) ER Network with number of nodes,
N=500 and node edge probability, p = 0.02 (b) Prob-
ability degree distribution of the corresponding net-

work.

The average value of ls for all the pair of nodes in the whole network
is defined as < l >. The CPL is given by the equation,

< l >=
1

N(N − 1)

N∑
i,j

ls (2.1)

where ls is the shortest path length for all pair of nodes (i, j) in the
network.

To make out the concept of CPL, a demonstration for the calcula-
tion of CPL is shown below using a network consisting four nodes
and four links as in Figure 2.8. The steps for calculation of shortest
path length for each node is shown in Table 2.1. Then, the character-
istic path length< l > of the network is the average of all the shortest
path length (ls) of each node.

FIGURE 2.8: A sample Network

CPL, < l > = (1.333 + 1 + 1.6667 + 1.333)/4 = 1.33317

So the < l > of the network given in Figure 2.8 is 1.33317.
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Source
Node

Target
Node

Number
of steps

ls for source node

1
2 1

3 2 (1+2+1)/3 = 4/3 = 1.333
4 1

2
1 1

3 1 (1+1+1)/3 = 3/3 = 1
4 1

3
1 2

2 1 (2+1+2)/3 = 5/3 = 1.6667
4 2

4
1 1

2 1 (1+1+2)/3 = 4/3 = 1.333
3 2

TABLE 2.1: The node number and corresponding
shortest path length (ls) for source node

2.2.2.3 Clustering coefficient (CC)

Clustering coefficient is a measure of the degree to which the nodes
in a graph tend to cluster together. The clustering coefficient of each
node in the network is termed as ”Local clustering coefficient” de-
noted by cν and the average of the clustering coefficient of all nodes
is defined as the ”Global clustering coefficient (CC)” of the network.

The local clustering coefficient of a node in a graph quantifies
how close its neighbours are to being a complete graph. If local
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clustering coefficient of a node is unity, then its neighbours are con-
nected to each other to form a complete graph. On the other hand,
if a node has only one neighbour connected to it or if it has many
neighbours connected to it but their neighbours have no connection
between them, then the local clustering coefficient of the node is zero.
Otherwise, its value is between 0 and 1, which is shown in Figure 2.9.

FIGURE 2.9: The local clustering coefficient of each
node marked in red is shown. (Image courtesy :

Wikipedia)

The local clustering coefficient of a node ν in a network with N

number of nodes and having adjacency matrix A is given by,

cν =

∑
i,j AνiAijAjν

kν(kν − 1)
(2.2)

where kν is the degree of the node ν.

The average value of cν is taken as the CC of the whole network
and is given by,

CC =
1

N

∑
ν

cν (2.3)

As a demonstration for the calculation of the local and global clus-
tering coefficient, we may consider the network shown in Figure 2.8.
The local clustering coefficient of each node is shown in Table 2.2.

Then, Global clustering coefficient (CC) of the network is the av-
erage of all the local clustering coefficients, excluding the nodes with
local clustering as zero. So, in this case, the global value of clustering
coefficient is ,

Clustering Coefficient, CC = (1 + 0.333+ 1)/3 = 0.778

The global clustering coefficient (CC) of the network given in Fig-
ure 2.8 is 0.778
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Node
Local clustering

coefficient

1 1
2 0.333
3 0
4 1

TABLE 2.2: The node number and corresponding local
clustering coefficient

2.2.2.4 Link Density (LD)

Link Density is another measure which characterizes the network. It
is also called as ”Network Density”. It describes the portion of max-
imum possible connection in a network that becomes actual connec-
tions. For a network with N nodes, the maximum possible connec-
tions in it is N∗(N−1)

2
. So, a complete graph or network will have link

density (LD) as unity.

Link Density (LD) =
Actual number of connections

Maximum possible connections
(2.4)

If ki is the degree of the ith node in a network having N nodes,
then Link Density is given by,

LD =
1

N(N − 1)

N∑
i

ki (2.5)

FIGURE 2.10: Three different topology of networks

For the sake of understanding, some examples for finding the
network density (Link density) is discussed below. Three different
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topological networks are shown in Fig 2.10. The actual number of
connection in network given in Fig 2.10(a) is 1, (b) is 3 and (c) is 2.
The maximum possible connection in a network having N nodes is
N∗(N−1)

2
. The link density (Network density) calculated for the three

networks shown in Fig 2.10 is given in Table 2.3.

Number
of Nodes

(N)

Maximum
possible

connection

Actual
connections

Link
Density

(LD)

2 1 1 1
3 3 3 1
3 3 2 0.6667

TABLE 2.3: LD of network shown in Fig 2.10

In the case of the network given in Figure 2.8, the actual number
of connections is 4 and maximum possible connections is 6. So Link
density of the network is 4/6 = 0.6667.

2.2.2.5 Diameter (lD)

Another measure which characterizes the network is the network di-
ameter (lD). It is the shortest distance between the two most distant
nodes in the network (definition from wikipedia). In other words,
once the shortest path length from every node to all other nodes is
calculated, then, the diameter of the network is the longest of all the
calculated path lengths.

If we take the network given in Figure 2.8, then among the short-
est path lengths of individual nodes, the longest among them Table
2.1 is 1.6667. So the diameter of the network is lD=1.6667

2.3 Complex Networks from Time series

To transform a time series into the corresponding network, several
methods have been suggested in the literature. They are briefly dis-
cussed below.
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1. Cycle networks : In the work of Zhang et al. [44] in 2006,
complex network is constructed from a pseudoperiodic time
series. In their method each cycle from pseudoperiodic time
series is represented by a single node in the network. By in-
vestigating the statistical properties of these networks for var-
ious time series, they reported that the time series with differ-
ent dynamics exhibit distinct topological structures. Specifi-
cally, noisy periodic signals corresponds to random networks,
and chaotic time series generate networks that exhibit small
world and scale free features. Moreover,the application of this
method to ECG shows that the statistical properties are able
to differentiate between sinus rhythm cardiograms of healthy
volunteers and those of coronary care patients. In 2008, Zhang
et al. [45] applied this method on the deterministic chaotic time
series from a Rössler system and stochastic noisy periodic data
which yield different structures of network.

2. Visibility graphs : Lucas Lacasa et al. introduced a new tool
in time series analysis, which is called as Visibility graph[46].
In this work, a simple and fast computational method that con-
verts a time series into a graph is presented by Lucas Lacasa
et al.. The constructed graph inherits several properties of the
time series into its structure. In this scheme, periodic time se-
ries is converted into regular graphs, random time series do so
into random graphs and fractal series into scale-free networks
( that supports the fact that power law degree distribution is
connected to fractality).

3. Transition networks : In the work of Nicolis et al. [47], the
nodes in the network are associated with a set of variables de-
fined on different regions called ”cells” of certain invariant man-
ifolds Γ of the phase space. The different phase space regions
can be regarded as different states for which different kinds of
dynamical processes can be switched on - for instance, high
versus low concentrations in chemical networks, different lev-
els of nutrients in a food web and so forth.

4. Recurrence networks (RN) : Marwan et al. linked the recur-
rence matrix with the adjacency matrix of a complex network
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[48]. In his work, a link between the complex network mea-
sures and the properties of the phase space trajectory of the
dynamical systems is outlined. Moreover, the different mea-
sures highlighted various transitions in the recurrence struc-
ture. Marwan et al. have also shown that by applying the recur-
rence approach and complex networks measures, it was possi-
ble to identify more subtle transitions than those that were pre-
viously reported from using linear approahes, like power spec-
tral analysis [49], linear trend detection [50], Mann-Whitney or
Ansar-Bradley tests [51]. In addition, the proposed approach
to detect transitions on the basis of time series does not require
equidistant time-scales, as would be necessary for most other
known techniques.

Among the methods discussed above, the recurrence networks (RN)
can be constructed in different ways, namely the correlation net-
works [52], k- nearest neighbor networks [53] and ε- recurrence net-
works [54]. It has been shown that the networks generated by each of
these methods can capture several characteristics of the chaotic time
series like dynamical transitions in the system, topological proper-
ties of the attractor, etc. Hence each method is relevant in the context
of specific applications. A detailed discussion of these methods and
their comparison can be found elsewhere [55], [56].

2.4 Recurrence Plots and Recurrence Networks

2.4.1 Recurrence Plots

The concepts of recurrences was introduced by Henri Poincaŕe in his
seminal work from 1890 [57]. In 1987, Eckmann et al. [58] introduced
the method of recurrence plots (RP’s) to visualise the recurrences of
dynamical system in phase space. In his paper, he mention that to
compute the dynamical parameters like information dimension, en-
tropy, Lyapunov exponents, dimension spectrum etc. from a time se-
ries, two assumptions are conventionally followed for getting proper
results. Firstly, the time series is obtained from an autonomous dy-
namical system (i.e., the evolution equations do not contain time ex-
plicitly). Secondly, the time series is much longer than the charac-
teristic times of the dynamical system (which means the datapoints
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in the time series must be enough to produce the phase space dy-
namics). But the new diagnostic tool called Recurrence plot, gives
useful information even when the above conventional assumptions
are not satisfied. Furthermore, the information obtained from recur-
rence plots are not easily obtainable by other methods.

2.4.2 Construction of Recurrence plot from time series

The method for constructing a recurrence plot starts with the recon-
struction procedure of phase space from the given time series , which
is discussed in Section 1.3. Suppose we have a trajectory [~xi]

N
i=1 after

reconstruction of phase space with M - dimensional vectors given by
Eq. 1.17. One can map the recurrences in the phase space trajecto-
ries to a matrix called recurrence matrix whose elements Ri,j can be
obtained from the condition,

Ri,j =

1, ~xi ≈ ~xj,

0, ~xi 6≈ ~xj,
i, j = 1, ..., N (2.6)

where N is the number of state points after reconstruction and
~xi ≈ ~xj means equality up to an error (or distance ) ε. This ε is im-
portant since the systems do not recur exactly to a formerly visited
state but just approximately visit. The recurrence matrix obtained
using components in Eq. 2.6 compares the states of a system at times
i and j. If the states are nearly similar within the predefined error ε,
this is indicated by a unity in the matrix, i.e. Ri,j = 1. On the other
hand, if the states are not within the range of the predefined error,
then the corresponding entry in the matrix is Ri,j = 0. Now the recur-
rence matrix holds the information regarding the times at which the
recurrences in the trajectory occured, which is unique to each time
series.

This is demonstrated in Figure 2.11 using the time series of a pe-
riodic system with a fixed frequency, a Rössler chatoic time series
and that of a uniformly distributed independent noise embedded in
M = 3. It can bee seen that, reccurence occurs in all the three sys-
tems but the pattern we see in the recurrence plots are different. The
periodic motion is reflected by long and non-interrupted diagonals
and the distance between these lines in the vertical direction corre-
sponds to the period of oscillation. The chaotic Rössler system also
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FIGURE 2.11: Time series (left panel) and Recurrence
plot (right panel) for Period system (top), Chaotic
Rössler with parameters a = 0.2, b = 0.2, c = 5.7 (mid-

dle) and a uniformily distributed noise (bottom)

gives diagonal lines but comparatively shorter in length. There are
also some vertical distances in the recurrence plot of Rössler chaotic
system that are not regular as in the case of periodic systems. How-
ever, there is a small rectangular patch which rather looks like the
Recurrence plot of the periodic motion. This structure is really a pe-
riodic motion on the attractor of the Rössler system, which is called
an unstable periodic orbit [59]. The recurrence plot of uniform dis-
tributed noise (stochastic signal) consists of many single points. A
detailed RP of periodic system with a frequency and Rossler Chaotic
time series are shown in Figure 2.12.

From the three recurrence plots shown in Figure 2.11, one can
conjecture that the predictibility of a system depends on the length
of diagonal lines in the recurrence plot. If the length of diagonal lines
are larger, the system can be predicted more accurately as in the case
of periodic systems. On the other hand if the diagonal lines of the
recurrence plot are shorter, the predictability is less as in the case
of stochastic process. Eckmann et al. suggested that the inverse of
the longest diagonal (except the main diagonal for which (i = j) is
proportional to the largest Lyapunov exponent of the system [58].
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Now, the recurrence matrix can be expressed as,

Ri,j = Θ(ε− ||~xi − ~xj||), i, j = 1, ..., N (2.7)

whereN is the number of measured points ~xi, ε is a threshold dis-
tance, Θ(.) the Heaviside function. The value of Heaviside function
is Θ(x) = 0, if x < 0 and Θ(x) = 1 otherwise and||...|| is a norm.

FIGURE 2.12: Recurrence plot of Periodic system (left)
and that of a Rössler system with parameters a = 0.2,

b = 0.2 and c = 5.7 giving chaotic time series (right)

When Euclidean distance between two states ~xi and ~xj is less than
the recurrence threshold ε, then Ri,j = 1, otherwise Ri,j = 0. The re-
currence plot is obtained by plotting the recurrence matrix given by
Eq. 2.7. In the plot Ri,j = 1 is marked by black or any colour dot
and Ri,j = 0 is marked by white dot. In this manner the binary in-
formation from the recurrence matrix is transformed to a RP. It is to
be noted that, both axes of the RP are time axes. Also Ri,i = 1‖Ni=1

is called the main diagonal line, or the line of identity (LOI). Another
property of RP is that, it is symmetric with respect to the main diag-
onal, i.e., Ri,j = Rj,i.

It is important to select the appropriate norm for the construc-
tion of RP. The frequently used norms are the L1 - norm, the L2 -
norm (Euclidean norm) and the L∞ - norm (Maximum or Supremum
norm). Considering a fixed ε, theL∞ - norm finds the most amount of
neighbours and the L1 - norm finds the least amount of neighbours.
The L2 - norm is the intermediate one between L∞ - and L1 - norms.
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2.4.3 Recurrence Quantification Analysis (RQA)

The recurrence plot can only visually distinguish between different
qualitative features of dynamics. This tool has become more popular
with the introduction of the recurrence quantification analysis (RQA)
[60] using the measures derived from the RP. It has found numerous
applications [61]–[63] and even dynamical invariants like correlation
dimensionD2 and correlation entropyK2 can be evaluated efficiently
using RQA [64]. Some of these measures in RQA are mentioned in
the section below.

2.4.3.1 Measures based on reccurence density

The basic measure of the RQA is the recurrence rate (RR) or per cent
recurrences given by,

RR(ε) =
1

N2

N∑
i,j=1

Ri,j(ε) (2.8)

which is a measure of density of recurrence points in the recur-
rence plot. This measure corresponds to the definition of the correla-
tion sum [30] (which is one of the conventional measures of the non-
linear time series analysis), except that the LOI is usually excluded
in the calculation. In Eq. 2.8, 1

N

∑N
i,j=1Ri,j(ε) is the the average number

of neighbours that each point on the trajectory has in its ε - neighbour-
hood.

2.4.3.2 Measures based on diagonal lines

In section 2.4.2, we have seen that the length of the diagonal lines
play an important role in the predictability of the system. The pro-
cesses which are uncorrelated or weakly correlated, stochastic or chaotic
behaviour produce none or very short diagonal lines. Whereas the
deterministic processes will produce longer diagonal lines and sparce
points in recurrence plot are a few (refer Figure 2.11). So a measure
based on the diagonal lines is extremely useful for determining the
predictibility of the system from the perspective of recurrence plot.
This measure is created based on the histogram P (ε, l) of diagonal
lines of length l, i.e.
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P (ε, l) =
N∑

i,j=1

(1−Ri−1,j−1(ε))(1−Ri+l,j+l(ε))
l−1∏
k=0

Ri+k,j+k(ε) (2.9)

A ratio of recurrence points that form diagonal structures (of at
least length lmin) to all recurrence points in the RP is introduced as a
measure of determinism. Here in considering the minimum diagonal
length lmin, we have to exclude the diagonal lines which are repre-
senting the tangential motion of the phase space trajectory. For the
sake of simplicity, we omit the symbol, ε in the following sections
(i.e., P (l) = P (ε, l)).

DET =

∑N
l=lmin

lP (l)∑N
l=1 lP (l)

(2.10)

A diagonal line of length l means that a segment of the trajectory
is close during l time steps to another segment of the trajectory at
a different time. Care should be taken in choosing the value of lmin
since the value of lmin decides the distribution of diagonal lines in the
histogram of P (l). For lmin=1 determinism is unity. But if the lmin is
too large, then the histogram P (l) can become sparse, which in turn
decreases the reliability of the measure given by Eq. 2.10. So the lmin
can be chosen in a similar way that we choose the size of the Theiler
window [65].

Another measure of the recurrence plot based on the diagonal
length is average diagonal line length. It is given by

L =

∑N
l=lmin

lP (l)∑N
l=lmin

P (l)
(2.11)

is the average time that two segments of trajectory are close to each
other, and can be interpreted as the mean prediction time.

Another RQA measure is the Lmax, which is the longest diagonal
line found in the RP.

Lmax = max(li
Nl
1=1) (2.12)

where Nl =
∑

l≥lmin P (l) is the total number of diagonal lines.
The inverse of Lmax gives the divergence (DIV ) of the phase space
trajectory.
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2.4. Recurrence Plots and Recurrence Networks

DIV =
1

Lmax
(2.13)

These measures given by Eq. 2.12 and 2.13 are related to the ex-
ponential divergence of the trajectory in the phase space. The value
of the divergence measure DIV will be higher when the trajectories
in the phase space diverge faster, which in turn makes the length of
diagonals shorter in the recurrence plot.

The complexity of the underlying system mapped onto the recur-
rence plot can be analysed in terms of another measure which uses
the diagonals in the plot. This measure is called Entropy. This is the
Shannon entropy of the probability p(l) = P (l)/Nl to find a diagonal
line of exactly length l in the recurrence plot,

ENTR = −
N∑

l=lmin

p(l) ln p(l) (2.14)

For uncorrelated noise the value of ENTR is very small, which
indicates its low complexity. When the complexity of the underlying
system from which the recurrence plot is constructed increases, the
entropy defined by Eq. 2.14 also increases.

2.4.3.3 Measures based on vertical lines

As we have seen the measures of recurrence plot in terms of the di-
agonal lines in Section 2.4.3.2, measures are there in terms of vertical
lines.

The total number of vertical lines of the length ν in the RP is then
given by the histogram

P (ν) =
N∑

i,j=1

(1−Ri,j)(1−Ri,j+ν)
ν−1∏
k=0

Ri,j+k (2.15)

Analogous to the definition of the determinism given by Eq. 2.10,
the ratio between the recurrence points forming the vertical struc-
tures and the entire set of recurrence points can be computed as,

LAM =

∑N
ν=νmin

νP (ν)∑N
ν=1 νP (ν)

(2.16)
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is called laminarity. The measure represents the occurances of
laminar states rather than describing the length of these phases. This
measure will decrease if the RP consists of more single recurrence
points than vertical structures.

2.5 Construction of Recurrence Network from

Recurrence plot

In section 2.4.2, we discussed the procedure for constructing a re-
currence plot from a given time series. Here, in this section, we dis-
cuss the basic idea regarding the construction of recurrence networks
from a recurrence plot. Among the different methods discussed in
section 2.3 to transform a time series into the corresponding net-
work, the one based on ε- recurrence is physically appealing since
it is based on the concept of recurrence of a trajectory in the phase
space. Moreover, the method can be applied to any type of synthetic
or real-world data and the resulting networks are found to be use-
ful tools for unconvering complex bifurcation scenario and detecting
dynamical transitions in paleoclimate data [66]–[68]. The methods
based on recurrence have also found diverse applications in life sci-
ences [69], [70], earth science [71] and astrophysics [72].

As we have seen in section 2.4.2, the recurrence plot stores the
temporal information regarding the recurrences occuring in the tra-
jectories of the dynamical system in reconstructed phase space. For
transforming these recurrence information into a network, one need
to transform recurrence plot into an adjacency matrix. The impor-
tance of the ε- RN is that its generation is closely associated with the
RP. In fact, the adjacency matrixA for the unweighted RN can be ob-
tained by removing the identity matrix from the recurrence matrix.

Ai,j = Ri,j − δi,j (2.17)

where δi,j is the Kronecker δ. Once, the adjacency matrix is de-
fined, the recurrence plot is converted into a complex network. The
graph or the network corresponding to the adjacency matrix can be
visualised by using network analysis softwares like : NodeXL, Tulip,
Cytoscape, Igraph, Geph, EgoNet etc.
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2.5. Construction of Recurrence Network from Recurrence plot

FIGURE 2.13: Process involving transforming a time
series to a complex network

In our work, we make use of the network analysing software
called ”Gephi”. Since the adjacency matrix is made from the RP,
the network stores the information regarding the recurrences in the
phase space. Hence it is named as Recurrence Network (RN). Now,
each point on the embedded attractor is taken as a node in the RN
and a node i is connected to another node j if the distance dij between
the corresonding points on the embedded attractor is ≤ ε. Thus the
adjacency matrixA is a binary symmetric matrix with elementsAij=1
if dij ≤ ε elseAij=0. In comparison with RP, as the RQA measures the
temporal properties of the trajectory points, while RN analysis quan-
tifies the geometrical properties of the underlying attractor. Hence,
RN analysis can give useful information regarding the structure of
the attractor. The overall process of transforming a time series into a
recurrence network is shown in Fig. 2.13.

Even though the method for the generation of the RN appears to
be simple, it has several ambiquities associated with it [73]. These
will be discussed in detail in the Chapter 3.
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Chapter 3

Uniform framework for the RN
analysis of time series

This chapter discuss about the novel work done by us to generalise the
method for the construction and analysis of unweighted ε- recurrence net-
works from chaotic time series. Here a new scheme is proposed for the selec-
tion of the critical threshold εc and it is done empirically. It is shown that
the value of εc is closely linked to the embedding dimension M . Moreover,
a small critical range ∆ε is identified numerically that is approximately the
same for the random and several standard chaotic time series for a fixed
M . This result provides a uniform framework for the nonsubjective com-
parison of the statistical measures of the recurrence networks constructed
from various chaotic attractors. Also, it is shown explicitly that the degree
distributions of the recurrence network constructed by this new scheme is
characteristic to the structure of the attractor and display statistical scale
invariance with respect to increase in the number of nodes N . Two practical
applications of the scheme, detection of transition between two dynamical
regimes in a time-delayed system and identification of the dimensionlity
of the underlying system from real-world data with al limited number of
points through recurrence network measures are also presented. The merits,
limitations, and the potential applications of the proposed method are also
highlighted.

3.1 Introduction

An important area where the new network based concepts and mea-
sures have been applied successfully is in the analysis of dynamical
systems [74], [75], especially those showing chaotic behaviour, by
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Chapter 3. Uniform framework for the RN analysis of time series

constructing complex networks from time-series data of the dynami-
cal systems. The aim is to extract information regarding the structure
of the underlying chaotic attractor. The basic idea of this technique is
that the information inherent in a chaotic time series is mapped onto
the domain of a complex network using a suitable scheme. One then
uses the statistical measures of the complex network to characterize
the underlying chaotic attractor.

In this context two questions are relevant. Firstly, which method
should be used to transform the time series into the corresponding
network and, secondly, how do one ensure that the resulting net-
work truly represents the characteristic features of the underlying
attractor? The answer to the first question is discussed in section 2.5.

To answer the second question raised above inspired the present
work to choose the parameters for the construction of networks. A
cruicial parameter in the construction of the recurrence networks is
the recurrence threshold ε itself. In all the existing schemes, the value
of ε chosen differs for each time series, whatever be the criteria used
for its selection, due to the arbitrary size of the attractor after embed-
ding. If ε is large, then specific small scale properties of the attractor
cannot be revealed and if ε is too small, then the network break into
dissuaded nodes due to lack of connections. Many authors [76]–[79]
have discussed this issue in detail and have given some guidelines
for the choice of ε. But for arbitrary size of the attractor, the choice of
ε still remains subjective. Similarly, the specific feature of RN gener-
ation is embedding and in this context the choice of M has not been
discussed much in the literature as it is commonly believed that M
should be sufficiently high for the attractor to be fully resolved. The
primary aim in this work is to propose a scheme that uses almost
identical range of values for ε for different time series, both synthetic
and real-world, for a given embedding dimension. Moreover, based
on the results obtained that the choice of ε is closely related to that
of M , a new scheme is presented here for the choice of ε and M that
gives a uniform critical range of ε for all time series for a given M .
To validate the wide range of applicability of the scheme, the results
from several low-dimensional chaotic attractors as well as random
data as also shown. Apart from providing a uniform framework for
the recurrence network analysis, the scheme has several advantages
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3.2. Choice of parameters for network construction

and practical applications which will be discussed below in detail.

3.2 Choice of parameters for network construc-

tion

There are four parameters associated with the RN generation, which
are the time delay τ , ε, M and N , the number of nodes. Note that N
< NT , the total number of points in the time series and the difference
depends on M and τ . The value of NT can be adjusted to get the re-
quired number of N for the computation. In this work,for the choice
of τ , the most commonly used criteria, namely the first minimum of
the autocorrelation function (refer section 1.3.1.1) is used. The value
of τ is related to the time step ∆t used for the generation of the time
series. For the sake of uniformity, here ∆t = 0.05 is used to generate
the time series from all the continuous time systems presented here.
Also the first 10000 values are removed as transients in all cases.

In all the numerical computations in this work, the value of N is
in the range 2000 to 10000. The lower limit is set because if the num-
ber of data points in the time series is too small, the basic structure
of the embedded attractor may not have evolved completely. The
upper limit is set mainly due to the fact that the computations be-
comes increasingly difficult due to high memory requirement for N
> 10000. However, it is observed that N < 10000 is sufficient to get
reasonable results from low-dimensional chaotic systems. Moreover,
for many real-world applications of RN analysis, one has to confine
to this range of N very often.

Now considering the choice of the crucial parameter, namely, the
critical threshold, εc, there are already a number of criteria suggested
for choosing εc. For example, Gao and Jin [77] gives a heuristic cri-
terion that selects εc as the value at which the link density becomes
maximum when plotted as a function of ε. But this has the draw-
back that small changes in ε induce large changes in the network
measures as indicated by Donner et al. [73]. Recently, another cri-
terion has been suggested based on analytic methods [79] while an
adaptive selection of threshold has been proposed by Eroglu et al.
for specific time series [80]. The last one is especially important as it
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Chapter 3. Uniform framework for the RN analysis of time series

chooses the critical threshold based on the theory of random graphs,
where the second smallest eigenvalue λ2 of the Laplacian matrix L
crosses zero when plotted as a function of ε as the network becomes
fully connected [81], where L = D −A, the difference between diag-
onal degree matrix and adjacency matrix. This criterion comes very
close to the empirical criterion used in this work and it is shown in
the section below.

FIGURE 3.1: Top panel shows the original time series
y(t) from the Lorenz attractor on the left and the time
series u(t) after uniform deviate transformation on the

right. The bottom panel shows the corresponding
attractors after embedding.

In all the above works so far considered, the size of the attractor
after embedding is arbitrary so the value of the threshold will differ
for different attractors. The primary motivation in this work is to
look for a scheme that can give approximately identical value for the
critical threshold for different time series. We consider this to be an
important step forward as it will lead to a uniform framework for the
RN analysis which may be more useful for application to practical
time series, as shown below.
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3.2. Choice of parameters for network construction

3.2.1 Method of Uniform Deviate - Solution to the prob-

lem of arbitrary size of attractor

To overcome the problem of arbitrary size of the attractor, the time
series is first transformed into a uniform deviate. To do that, at first
rescale the time series into the unit interval [0, 1]. Then take each
value yi in the time series and count how many values are less than
or equal to yi. Let this count be ni. Then the uniform deviate time se-
ries ui is obtained as ui = ni

NT
, where NT is the total number of points

in the time series. The effect of uniform deviate transformation is
shown in the Figure 3.1 for Lorenz attractor, where the original time
series y(t) and the time series after uniform deviate u(t) are shown
along with the corresponding attractors after embedding. It stretches
the embedded attractor uniformly in all directions without changing
any of the dynamical invariants of the attractor, minimizes the edge
effect, and provides improved scaling region and better convergence
with data points. Harikrishnan etal. have shown the importance of
uniform deviate transformation in computing the conventional non-
linear measures like correlation dimension D2 and entropy K2 [82],
[83], especially from higher-dimensional systems [84].

3.2.2 How to select the critical threshold, εc ?

The primary criterion for the selection of εc in our scheme is that the
resulting RN has to remain mostly as “one single cluster”. This is
checked empirically by changing ε. Note that this criterion is anal-
ogous to the one suggested by Donges et al. [79] where the au-
thors propose to choose the percolation threshold above which the
giant component of the RN appears. Here, a more practical approach
is taken for the selection of εc rather than the rigorous criterion as
adopted by the previously mentioned authors and the advantages of
our approach is shown in the sections below. A formal method to se-
lect εc is to choose the value of εwhen the network just becomes fully
connected. This is done by computing the second-smallest eigen-
value λ2 of the Laplacian matrix as a function of ε. From the theory
of random graphs, it is well known [81] that as λ2 crosses zero from
negative, the network becomes fully connected, with no dissuaded
nodes.
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Chapter 3. Uniform framework for the RN analysis of time series

FIGURE 3.2: Variation of the second smallest eigen-
value λ2 of the Laplacian matrix as a function of ε for
the RNs from Lorenz (filled circles connected by the
red solid line) and random (filled triangles connected
by the blue dashed line) time series. Results are shown
for RNs withN=2000 and 5000, constructed withM=3.

The dotted line is a reference for zero

Figure 3.2 show the variation of λ2 with ε for RNs constructed
from Lorenz and random time series, for N = 2000 and 5000, with
M=3. It is evident that λ2 for random network becomes positive
slightly earlier compared to Lorenz in both cases. As N increases,
there is also a slight shift towards lower ε. The network for random
becomes fully connected for ε = 0.09 while for Lorenz, the value is
0.13. The computation is repeated for other standard chaotic attrac-
tors and found that the value of ε where λ2 becomes positive varies
slightly for different systems. However, it is observed that there is
small range of ε, from 0.1 to 0.13, where the network is almost fully
connected for all systems with the appearance of a giant component
and very few (< 1%) dissuaded nodes. This range is found to be
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3.2. Choice of parameters for network construction

common for all the systems analysed for a fixed M . Thus, the pri-
mary criterion provides a small uniform range of ε for many stan-
dard chaotic systems.

In order to ensure that the RN is a true representation of the
chaotic attractor, an additional constraint is applied that RN mea-
sures from standard chaotic time series significantly differ from that
of a random time series. Though this condition appears to be sub-
jective, the results below show that it gives a consistent values for all
the standard chaotic systems considered in this work. This consis-
tency is measured by computing the three important network mea-
sure, LD, CC, and CPL for the RN from some standard chaotic time
series as a function of ε and compare them with the corresponding
measures from the RN of random time series. The equations for com-
puting these measures are discussed in detail in the section 2.2.2. It
is observed that the measure CPL is a good candidate to apply this
additional constraint. This is shown in Figure 3.3 for two standard
chaotic time series. For ε below 0.1, there are multiple disconnected
networks with no giant cluster and the CPL computed is for the
largest component. It is evident from the Figure 3.3 that there is a
small range of ε, say, ∆ε (marked by the two vertical dashed lines),
where the difference in the value of CPL of the RN from chaotic time
series and that of random is maximum and as ε increases above this
range, the CPL for RN from all chaotic time series approaches that of
random time series. More importantly, this range, which we prefer
to call as the critical range, is found to be approximately identical for
all the systems analyzed in this work and coincides with the common
range found above corresponding to the emergence of the giant com-
ponent in the RN. However, it should be emphasized that this range,
∆ε , is an empirical result and hence it is difficult to set any specific
criterion for the upper bound either in terms of M or N . The mini-
mum value of this range is chosen as the critical threshold εc for the
construction of RN which will capture the characteristic properties
of the attractor. Nevertheless, it is checked and confirmed that any
ε within ∆ε does not make any qualitative change in the degree dis-
tribution of the RN and the related network measure to be presented
below. It is to be noted that this work do not follow the condition λ2

> 0 strictly as chosed by Eroglu et al. [80], as this makes εc slightly
different for different RNs.
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The construction of the RN in this thesis is done using GEPHI
software, taking time series from several standard chaotic attractors
for ε ranging from 0.05 to 0.25 taking M = 3. It is observed that there
is no giant cluster for ε < 0.1 while the network becomes over con-
nected for ε > 0.15 in all cases.

FIGURE 3.3: Characteristic path length as a function of
threshold for RNs generated from Lorenz (filled circles
connected by red solid line at the top), Rössler (filled
squares connected by blue solid line in the middle)
and random (filled triangles connected by dotted line)
time series with N = 2000 and M = 3. The two verti-
cal dashed lines indicated the critical range of ε where
CPL from chaotic time series differs from that of ran-
dom time series. The critical threshold εc is the mini-
mum of this range. Below εc, there is no giant cluster
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3.2.3 Study of variation of critical threshold εc with M

and N

FIGURE 3.4: The figure shows how the critical range
∆ε (see text) varies with respect to N and M . The
left panel shows ∆ε for two values of N as indicated,
where the top panel is for continuous systems with
M = 3 and the bottom panel for discrete systems with
M = 2. The right panel shows the variation of ∆εwith
M for N fixed at 10000. In the top panel, the red solid
line is for Lorenz attractor and the blue dashed line
is for Rössler attractor, while in the bottom panel, the
same is for Lozi and Henon attractors respectively. In

all figures, the dotted line is for random time series.

In this section the variation of the value of εc with M and N is dis-
cussed in detail. To study this, RNs are generated from a number of
low dimensional chaotic systems, both discrete and continuous, by
varying N from 2000 to 10000 and M from 2 to 5. For each N and
M , a range of ε values between 0.02 to 0.20 is selected. The results
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from this detailed numerical analysis are compiled in Figure 3.4 sep-
arately for continuous and discrete systems. The variation of < l >

corresponding to ∆ε as N and M changes is shown with that of ran-
dom time series as reference. The left panel shows the dependence
on N and the right panel shows the dependence on M . To study
the dependence on N , we use the natural dimension of the system,
namely M = 3 for continuous systems (top) and M = 2 for discrete
systems (bottom). Note that ∆ε for M = 2 has been shifted to 0.06
- 0.08. Moreover, in both cases (M= 2 and 3), there is only a small
decrease in ∆ε as N is increased from 2000 to 10000. This means that
one can effectively use the same ε for this whole range of N values.

In the right panel, the effect of increasing the embedding dimen-
sion from the natural dimension of the system can be seen, with N

fixed as 10000. Note that the value of εc clearly shifts with M which
implies that each M requires a corresponding εc for the generation
of the RN. But the more interesting result is that, for all the systems
that are analyzed in this thesis, one can find approximately the same
critical range ∆ε corresponding to each M . This range is given in Ta-
ble 3.1 where εc in the third column is the critical threshold used by
us corresponding to each M for all the further computations in this
work. Thus, even though the proposed criterion for the selection of
εc is not completely novel, it is able to provide a certain level of non-
subjectivity in its choice which, one hope, will make the application
of RN analysis more effective.

M Critical Range of ε εc

2 0.06 - 0.08 0.06

3 0.10 - 0.13 0.10

4 0.14 - 0.18 0.14

5 0.18 - 0.22 0.18

TABLE 3.1: Critical range of ε obtained empirically for
each value of M
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It may be noted that the above choice of the critical range of ε is, in
fact, analogous to and motivated by the selection of a scaling region in
the conventional nonlinear time-series analysis for deriving dynam-
ical invariants like D2. Harikrishnan et al. have already shown that
the scaling region for many low dimensional chaotic systems can be
selected algorithmically for a nonsubjective computation of D2 and
K2 [82], [85]. It is well known that the choice of the scaling region crit-
ically depends on the embedding dimension M , while the change is
not much if the number of data points changes from 2000 to 10000.
In this way, the above result of getting an approximately same range
of ∆ε for different chaotic systems is not very surprising.

A simple mathematical explanation for the observed numerical
results regarding the relation between ε and M is given below. Con-
sider a random distribution of N points in M dimension. After uni-
form deviate transformation, the volume of the embedding space is
unity and the average density of points < ρ >= N . The average
separation between two points along any direction is

< d >∼

(
1

N

)1/M

∼

(
1

< ρ >

)1/M

(3.1)

This gives the critical value of distance for a givenM below which
the degree of a node tends to zero on the average. Hence εc varies for
higherM values, so in this work the limiting value of ε, say, εf is taken,
at which the RN is fully connected. That is, every node is connected
to every other node with the degree of each node (N - 1) and the LD
reaches its maximum possible value 1. Since uniform deviate of the
time series is considered, the size of the attractor is unity. For M =
2, the value of ε at which this happens is the diagonal length of the
square, that is, εf (2) ≡

√
2. For M = 3, εf (3) increases to

√
3 and one

can easily show that, in general, εf (M) ≡
√
M . Note that this result

is independent of N . This also implies that the difference between
successive εf , εf (M) - εf (M − 1), slowly decreases with M . Since the
LD corresponding to εc is effectively a fraction of the total LD, one
expects roughly the same dependence for εc on M , that is, εc ∝

√
M .

This is numerically verified for the random RN for M up to 7. This
means that, though the difference between successive εc appears to
be almost a constant for small M as given in Table 3.1, this difference
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decreases slowly as M increases.

As a final test to validate the proposed scheme for the choice of
εc , a cross-check is made by computing D2 of some standard chaotic
attractors using the RP (which is equivalent to the adjacency matrix)
corresponding to εc. The method proposed by Thiel et al.[64] is used
for this purpose. This method uses the cumulative probability dis-
tribution pc(l) of the diagonal lines in the RP, corresponding to two
different thresholds ε and ε + ∆ε using the relation:

D2(ε) =
log
[

pc(ε,l)
pc(ε+∆ε,l)

]
log
[

ε
ε+∆ε

] (3.2)

It is found that theD2 values obtained in all cases are closer to the
standard values for ε= εc. This implies that the geometric complexity
of the attractor is truly reflected in the RN constructed by the new
proposed scheme in this work.

3.3 Variation of CPL and CC with N and M

The computation of the important network measures namely CPL
and CC from the RN of several low-dimensional chaotic attactors,
including discrete systems (maps) in two dimensions and continu-
ous systems (flows) in three dimensions is done. For all systems, M
is varied from 2 to 5 using the εc corresponding to each M with N

varied from 2000 to 10000.

In Figure 3.5 (top panel), the variation of < l > with N for two
standard chaotic systems for M = 3 is shown. The RN from a ran-
dom time series is also added for comparison. Note that, in all cases,
< l > initially decreases withN but saturates asN → 10000, with the
value of< l > for RN from random time series always less compared
to that from chaotic systems. The variation of < l > with N can be
understood from the degre distribution of the RN discussed in de-
tailed in the next section. We find that as N increases, the average
degree of the nodes < k > also increases correspondingly. Typically,
as N increases to 2N , < k > shifts approximately to < 2k >, reduc-
ing < l >. In the bottom pannel, the variation of CC with N is shown
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FIGURE 3.5: Variation of CPL (top panel) and CC (bot-
tom panel) with N for RNs generated from Lorenz
(filled circles connected dotted line), Rössler (filled tri-
angles connected by solid line) and random (dashed

line) time series. The value of M is fixed as 3.

and it is found to be approximately constant for all systems for the
range of N used.

A numerical study of the variation of< l > and CC withM by fix-
ing N = 10000 is also done and the results for the same two systems
are shown in Figure 3.6. While CC remains constant, the variation
of < l > is more interesting, showing saturation for M equal to or
greater than the actual dimension of the system. In section 3.3.1 , one
can see that the same is true for degree distribution as well, leading
to an important practical application of network measures.
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FIGURE 3.6: Same as the previous figure, but the vari-
ation is with respect to M for a fixed N = 10000. Note
that CPL saturates at the natural dimension of the sys-

tem.

3.3.1 Degree Distribution

We now consider the most important measure of a network, namely
the degree distribution P (k) versus k. In Figure 3.7, the degree dis-
tribution of the RN from Lorenz and Rössler attractor time series for
N = 5000 and 10000 by using M = 3 and ε = 0.1 is shown. Note
that the error bar is estimated from counting statistics resulting from
the finitenesss in the number of nodes. The statistical error associ-
ated with any counting of n(k) is

√
n(k). If n(k) → 0, one typically

takes the error to be normalized as 1. Thus, the error associated with

P (k) is typically
√
n(k)

N
and becomes 1/Nas n(k) → 0. It is evident

from the figure that as N is doubled, the degree k of each node gets
approximately doubled, resulting in a shift along the x axis and the
range [kmin, kmax] of k values is shifted approximately to twice the
range. Correspondingly, the P (k) values are reduced since the area
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FIGURE 3.7: Degree distribution of the RN generated
from the Lorenz attractor (top panel) for N = 5000
(open red circles) andN = 10000 (filled green triangles
appearing in light gray shade in print), as indicated.
Corresponding results for Rössler attractor are shown
in the bottom panel. In both cases, we use M = 3 and

εc = 0.1.

under the distribution curve is constant. Assuming that the k values
are continuous within the range [kmin, kmax], one can write,

∑
k

∆kP (k) = 1 (3.3)

where ∆k(≡ 1) is the difference between successive k values.

Changing k to k′ ≡ k
N

, ∆k′ = ∆k
N

and P (k) changes to P (k′), so

∑
k′

∆k′P (k′) = 1 (3.4)

Substituting for ∆k in Eq. 3.3, we get
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P (k′) = NP (k) ≡ n(k) (3.5)

FIGURE 3.8: Rescaled distributions (see text) of the
Lorenz (top panel) and Rössler (bottom panel) attrac-
tors shown in the previous figure for N = 5000 (open
red circles) and N = 10000 (filled green triangles ap-
pearing in light gray shade in print). Note that, after
rescaling, the distributions for the two N values be-

come statistically identical in both cases.

It is convenient to represent the degree distribution in the rescaled
variables as shown in Figure 3.8. Note that the degree distribution for
the two N values have now become identical and can be considered
as almost stationary in the rescaled variable k/N apart from small
statistical fluctuations. To visualise the real trend in the distribution
shown in Figure 3.8, it is drawn without error bar in Figure 3.9 and
the values are connected by line.

One expects the scale invariance for the RN from a random time
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series whose degree distribution is Poissonian which can be approx-
imated as Gaussian for large N . This is because the degree of every
node increases by an average value as N increases and the degree
distribution appears identical in the rescaled variable k/N as can be
seen from Figure 3.10. Here it is observed that an arbitrary degree
distribution from the RN of a chaotic attractor also shows this prop-
erty. A possible explanation, for attractors whose measure is contin-
uous is that, as the dynamical system evolves, the structure of the
attractor also evolves in such a way that the probability density over
the attractor is preserved once the basic structure of the attractor is
formed. The degree ki of a reference node i represent the local con-
nectivity of the RN and it corresponds to the local phase-space den-
sity around the reference point in the chaotic attractor from which
the RN is constructed. It is well known that the local phase-space
density of the chaotic attractor is preserved in the RN [55]. Consid-
ering an infinitesimal hyper volume VM(ε) in the M dimension with
radius ε about a reference point ~ri in phase space, one can write [55]:

1

N
[ki(ε) + 1] ≈

∫
VM (ε)

p(~r)dM~r ≈ VM(ε)p(~ri) (3.6)

where p(~ri) is the invariant density around ~ri. Note that in left
hand side, 1 is added to include the reference node (self-loop). This
gives a relation between the local measure in an attractor and that of
a RN:

p(~ri) = lim
ε→0

lim
N→∞

(ki + 1)

VM(ε)N
(3.7)

The above equation indicates that for the RN constructed with
εc, the local probability density around a point on the attrator gets
mapped to the degree of the corresponding node in the constructed
RN. Since every point on the attrator is converted to a node on the
RN, points with the same probability density will correspond to nodes
with the same degree. The degree distribution tells how many nodes
have a given degree in the RN. This is equivalent to finding how
many local regions on the entire attractor have the same probability
density. As one change from the phase-space domain of the attractor
to the domain of the network, the degree distribution represents the
global statistical measure of the probability density variations over
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Chapter 3. Uniform framework for the RN analysis of time series

FIGURE 3.9: The same distributions shown in the pre-
vious figure without error bar and connected by line,
for clarity. The red solid line is for N = 5000 and the

blue dashed line is for N = 10000.

the entire attractor. Thus, it seems natural that the degree distribu-
tion of the RN from any chaotic attractor shows the scale invariance.
The small deviations in the degree distribution as N increases is the
result of the corresponding small fluctuations in the probability den-
sity. Also, the range of k values in the RN is a measure of the range
of variation of p(~r) over the attractor. However, a direct relation con-
necting the probability distribution over the attractor and the degree
distribution of the RN seems to be highly nontrivial due to the fractal
geometry of the attractor.

From the above discussion, it becomes clear that a peak at high
k value near kmax in the degree distribution implies large number
of relatively dense regions of high probability over the entire attrac-
tor. Many peaks in the degree distribution are indicative of large lo-
cal density fluctuations over the attractor. For example, from Figure
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3.3. Variation of CPL and CC with N and M

FIGURE 3.10: Degree distribution of the RN from the
Rössler attractor time series (filled blue triangles) in
comparison with that of the random time series (filled
red circles seen as Poisson distribution on the left). The
top panel is for N = 5000 and the bottom panel for
N = 10000, with M = 3 and ε = 0.1 in both cases.
We show the rescaled distributions so that both panels

appear identical.

3.11 and Figure 3.12, the fluctuaioin is much larger for the RN from
the Lorenz attractor compared to that of the Rössler attractor, though
both have approximately the same range of [kmin, kmax]. In this sense,
one can say that the degree distribution is a characteristic measure of
the structural complexity of an attractor. Note that this idea has been
pointed out by many authors before [86], [87]. Once the basic struc-
ture of the attractor is formed, a further increase in the number of
nodes does not change the degree distribution qualitatively. In other
words, RN analysis appears to be a useful tool to get meaningful re-
sults regarding structural and topological properties of the attractors
with less number of data points. It is to be noted that there is a part
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in the degree distribution that corresponds to the Poissonian distri-
bution where, the k values occur more by chance than by choice and
it is discussed in section below.

FIGURE 3.11: Degree distributions of the RNs gener-
ated from Cat Map (filled blue circles) and random
(filled red triangles) time series for N = 5000 for two
values of M , as indicated. Note that, in going from
M = 2 to M = 3, the distribution of the random net-
work is shifted while that for the Cat Map remains sta-

tionary.

For a random time series embedded in the M -dimensional space,
after being converted into uniform deviate, the average density of
points < ρ >= N . Hence the average number of points inside a
M -dimensional sphere of radius ε is kran = NVM , where VM is the
volume of the sphere. When the time series is converted to a RN, the
condition for two nodes to be connected is that the distance between
them is < ε. In other words, for random RN, typically a node is con-
nected to kran other nodes or most nodes will have degree kran and
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FIGURE 3.12: Rescaled degree distributions (without
error bar for clarity) for the RNs from Lorenz (top
panel) and Rössler (bottom panel) attractor time series
for M = 3(open red circles), M = 4(filled blue trian-

gles) and M = 5(black star like points).

the degree distribution tends to be a Poissonian around this value.

Now, for a non random time series, there will be significantly
more nodes with degree greater than kran and it is these nodes which
describe the structure of the underlying attractor. Nodes with de-
gree ∼ kran occur more by chance association rather than the true
description of the system. Thus, characteristic information regard-
ing the system is given by the nodes with degree > kran and hence
the value of kran should be small compared to the range of k values
in the degree distribution.

Note that the position of kran in the degree distribution depends
on the choice of ε and M . One expects a small peak around kran in all
degree distributions which becomes less significant as N increases.

61



Chapter 3. Uniform framework for the RN analysis of time series

FIGURE 3.13: Degree distributions (without error bar)
of the RN constructed from the time series of Chen hy-
perchaotic attractor for M = 2 (thick blue dotted line),
M = 3 (thick green solid line), M = 4 (black dashed
line) and M = 5 (thin red solid line). For each M , the
corresponding value of εc given in Table 1 is used for

constructing the RN with N = 5000.

In this work, for the choice of ε and M to compute the degree distri-
butions of chaotic attractors, the value of kran is estimated as follows.
For M = 3, VM = 4

3
πε3 and hence

kran ≈ N
4

3
πε3 (3.8)

With ε = 0.1, we get kran
N
≈ 0.004, which is independent of N .

This is sufficiently small compared to the rescaled k
N

values as can
be seen from Figure 3.8 and Figure 3.9, where kmax

N
≈ 0.04. Since

kran
N
∝ ε3 for M = 3, a small increase in ε can shift the Poisson range

significantly to the right in the degree distribution. This shows the
importance of choosing the correct εc.
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3.3. Variation of CPL and CC with N and M

FIGURE 3.14: Characteristic degree distributions of
four standard low dimensional chaotic attractors for
M = 3. The systems are (a) Lorenz (b) Rössler (c) Duff-
ing and (d) Ueda attractor. Standard parameter values
given in [7] are used for the generation of time series
from Duffing and Ueda attractors. The average degree
distribution for RNs generated from four initial condi-

tions is shown in all cases.

For the discrete systems with M = 2, we have

kran
N
≈ πε2 (3.9)

Using the optimum value of ε = 0.06 used for M = 2, one can
obtain the value kran

N
≈ 0.011 which is << kmax

N
, as will be shown

below for discrete systems. Finally, for M = 4, one has to consider a
hyper cube of unit volume. The general formula for the volume of a
Euclidean ball of radius ε in M -dimension (for even M ) is:

VM(ε) =
πM/2

(M
2

)!
εM (3.10)
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For M = 4, V4(ε) = π2

2
ε4. For the threshold ε = 0.14, it is obtained

that kran
N
≈ 0.00196.

FIGURE 3.15: Same as the previous figure for four
standard chaotic maps, namely, (a) Henon (b) Lozi (c)
Cat Map and (d) Logistic Map. For the logistic map in
the fully chaotic regime, we use M = 1 and εc = 0.01
which results in the high peak corresponding to that ε

value. For all other cases, we use M = 2.

The above results are explicitly shown in Figure 3.10 and Fig-
ure 3.11. In Figure 3.10, the rescaled degree distributions of RNs
are shown from random and Rössler attractor time series plotted to-
gether for N = 5000 and 10000. Note that the Poisson distribution
part, shown by the two vertical lines, almost exactly coincides with
the degree distribution of the random time series. This part is shown
magnified in the inset. In Figure 3.11, the rescaled degree distribu-
tions of the Cat map and the random time series together for M = 2

(top panel) and for M = 3 (bottom panel) is shown. For M = 2, both
the distributions are almost identical and peak exactly at kran = 0.011
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3.3. Variation of CPL and CC with N and M

in agreement with the calculations in this work shown above. For
M = 3, the peak for the random distribution is shifted to 0.004 as ex-
pected, while that for Cat map remains almost unchanged and hence
both the distributions can be easily differentiated.

Until now, the degree distribution is computed by taking the ac-
tual dimension of the attractor. However, in the analysis of the real
world data, there is no a priori information regarding the dimension
of the system. Then one has to compute the network measures for
different M values and check for saturation. Figure 3.12 show the
rescaled degree distributions of RNs from Lorenz and Rössler attrac-
tors for M = 3, 4, 5. For each M , the corresponding εc value found
empirically, as given in Table 3.1, is used. It is observed that the de-
gree distribution remains almost invariant (apart from small changes
due to the effect of embedding), for M values equal to or greater
than the actual dimension of the system. On the one hand, it is a
counter check whether the correct value of εc one is using for each
M and on the other hand, the result tells one that the usual practice
of using a high value of M for real world data works for network
measures as well provided the correct εc corresponding to each M is
used. However, a higher M requires a correspondingly larger value
of N . From the results of the analysis in this work, it is sufficient to
use N < 10000 and M ≤ 5 for a proper characterization of low di-
mensional chaotic systems using RN measures. This also leads to a
practical application of the proposed method discussed in more de-
tail in the next section.

It is to be mentioned that the present scheme is efficient not only
for low dimensional chaotic attractors, but also for the analysis of
high dimensional and hyperchaotic systems as well. To illustrate
this, the degree distributions of the RN constructed from the time
series of Chen hyperchaotic flow [88] for M varying from 2 to 5, with
corresponding values of εc is shown in Figure 3.13 . The hyperchaotic
time series is generated using the standard set of parameters: a = 35,
b = 4.9, c = 25, d = 5, e = 35 and k = 100 and is of length 5000

data points. Note that the degree distributions for M = 4 and 5 are
almost identical while that for lower M values deviate, since the at-
tractor dimension is > 3. This is also a direct confirmation of the ar-
gument with this scheme and above that for a real world data whose
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FIGURE 3.16: Part of the astrophysical light
curves from the black hole system GRS 1915
+ 105 for two temporal states, θ and χ (Ref:

xte.mit.edu/ ehm/1915_lightcurves.html).

dimension is unknown, one has to check for saturation of network
measures by increasing the M value. This is somewhat equivalent to
finding the saturated D2 value by increasing M in the conventional
nonlinear time series analysis.

Another important outcome of this scheme is that it is possible
to compare the characteristic measures derived from the RN of dif-
ferent chaotic attractors since the analysis is done using identical
threshold for a fixed M . For example, the degree distribution of the
RN typically characterises the structure of the attractor, as discussed
above. Hence, a visual inspection of the degree distribution can pro-
vide some qualitative information on the structural complexities of
standard low dimensional chaotic attractors, as shown in Figure 3.14
and Figure 3.15. The degree distribution in each case is the average
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from four RNs generated using different initial conditions for the at-
tractor. From a comparison of the degree distributions in Figure 3.14
one can infer that the Lorenz attractor is structurally more complex
compared to the other three since the fluctuation in the probability
density is maximum for it. More accurate results can be obtained
from a quantitative analysis of the network measures.

For the logistic map, the analysis is done in the fully chaotic re-
gion with M = 1 and εc = 0.01 and hence the very large peak in the
degree distribution corresponding to that ε value is due to Poisson
statistics. The logistic map requires a special mention. For an attrac-
tor in one dimension, the Poisson value of k/N ≡ εc, the threshold
itself. In other words, for a random distribution in the unit inter-
val, the degree distribution is typically a Poissonian around degree
k/N ≡ εc in the proposed scheme. However, for the RN from the lo-
gistic attractor, depending on the probability density variations, the
number of degrees of any node can be >> εc or << εc. For example,
from the figure, there are nodes with degree as high as 0.09 and as
low as 0.002. The structure of the logistic attractor is actually charac-
terized by k

N
values > εc.

3.4 Applications

So far the present work discussed the construction and analysis of
RN from chaotic time series. It is also important to know how effec-
tively the proposed scheme can be applied to time series data from
the real world. An important difference is that for standard chaotic
systems, the dimensionality of the system is known a priori and M

can be fixed accordingly while for real world data, this information
is missing. In the conventional nonlinear time series analysis, one
computes dynamical invariants as a function of M and check for sat-
uration with respect to M . For RN analysis, what is normally done
is to use a sufficiently large value of M to ensure a proper embed-
ding of the underlying attractor [68]. The proposed scheme indicates
that a large M requires a correspondingly large N and εc. However,
the number of data points in real world time series is normally less
(say, < 10000) and contaminated by different types of noise. One of
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the advantages of RN analysis is that it is possible to get informa-
tion regarding the underlying system from a time series with lim-
ited number of data points. Hence for practical implementation of
the proposed scheme for real world data, the scheme itself suggest
that it is better to start the computation by taking a small M , go for
higher dimensions successively and check for saturation of the net-
work measures for two successive dimensions, rather than using a
very high embedding dimension to start with.

FIGURE 3.17: Rescaled degree distributions computed
from the RNs for the two light curves θ and χ for three
M values. The distributions are for M = 2 (filled
black squares), M = 3 (open red circles) and M = 4
(filled green triangles) for θ state. The distributions
for the three M values for the χ state can be clearly
distinguished, as indicated. In both cases, N = 3000.
Note that for the θ state the two degree distributions

for M = 3 and 4 almost coincide.

Here two examples are considered to illustrate the potential ap-
plications of the new approach. In the first example, the efficiency
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of the proposed scheme in identifying the dimensionality of the un-
derlying system and the presence of white noise in real world data is
shown. For this, the RN analysis of the light curves from a black hole
system GRS 1915+105 is presented here. The light curves from this
black hole system have been classified into 12 spectroscopic states by
Belloni et al. [1]. In the present work light curves from two repre-
sentative states θ and χ are taken for analysis, which are shown in
Figure 3.16. In an earlier paper, Harikrishnan et al. [83] have shown
by computing D2 that the state θ has signatures of deterministic non-
linear behavior (with D2 < 3) and χ is white noise. For the analysis
using the proposed scheme in this thesis, the RN is constructed from
the two time series for different values of M starting from M = 2

using the εc corresponding to each M and computed the network
measures in each case. The result of the analysis is that if the sys-
tem is of finite dimension, the measures saturate beyond a certain M
which is taken as the dimension of the system. The Figure 3.17 show
the rescaled degree distributions of the two light curves for M = 2, 3

and 4. Note that the degree distributions for the two states are com-
pletely different. For the χ state, they are Poissonian and shows the
typical shift without any saturation as M increases, indicating pure
white noise. On the other hand, the state θ is qualitatively different
with the degree distributions getting saturated for M = 3 and 4 and
remains stationary for any higher embedding dimension.

Due to the inherent non-subjectivity in the choice of εc, the pro-
posed scheme is also ideal for the surrogate analysis using network
measures CC and CPL as discriminating statistic to detect determin-
istic nonlinearity in real world data. It can be used as complementary
to conventional analysis with measures like D2 and K2 and has the
added advantage that the length of the data required is much less
compared to conventional methods.

As the second application, the detection of a dynamical transition
is presented using the RN measures derived from new method pro-
posed. This is known to be an important application of RNs [67], [89].
The example considered to demonstrate this is the chaos-hyperchaos
transition in a time delayed system, namely, the Mackey-Glass (M-G)
system [90] given by the equation:
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dx

dt
=

βxτD
1 + xnτD

− γx (3.11)

FIGURE 3.18: Variation of the CPL and CC of the
RN constructed by our scheme from the time series of
M-G system for the range of τD values representing
the transition from chaos to hyperchaos. Correspond-
ing values of the second largest LE (denoted LE2) are
shown in the top panel. The dashed vertical line indi-

cates the transition point.

The constants β, γ, τD and n are real numbers and xτD represents
the value of the variable x at time t − τD. Depending on the values
of the parameters, the system displays a range of periodic, chaotic
and hyperchaotic dynamics. By taking τD as the control parameter,
fix the parameters β = 2, γ = 1, and n = 10. As the value of the
parameter τD increases, the asymptotic state of the system changes
from periodic to chaotic and then to hyperchaos. Harikrishnan et

al. have recently shown [91] using a dimensional analysis that the
transition to hyperchaos occurs at a critical value τD = 4.038. So it
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is important to check whether the RN measures obtained from the
proposed scheme can detect this transition.

To do the analysis, time series of length 100000 is generated from
the system for τD values ranging from 3.5 to 4.5 increasing in steps
of 0.1. Each of this time series is then split up into 10 time series of
length NT = 10000. Then construct RN from all these and compute
the measures CC and CPL taking M = 4 and ε = 0.14, which is the
minimum M value required for a hyperchaotic attractor (any higher
embedding dimension is equally good). Using the TISEAN package
[92], we also compute the second largest Lyapunov Exponent (LE)
(denoted LE2) which crosses zero as the system cross over to hyper-
chaotic phase. The results of computations are shown in Fig. 3.18,
where the vertical dashed line indicates the transition point. The er-
ror bar comes from the standard deviation of the values obtained
from the ten time series used for each τD. It is clear that the present
scheme can detect the transition as both CC and CPL show a discon-
tinuity at the transition point.

3.5 Discussion and Conclusion

Recurrence networks have become important statistical tools for char-
acterizing the structural properties of chaotic attractors. They are
complex networks constructed from chaotic time series using a suit-
able scheme that maps information inherent in the time series into
the network domain. One can then use the network based measures
to quantify the geometric properties of the underlying attractor. The
distinct advantages of such an exercise are that the network measures
can be efficiently computed from fewer data points in the time series
and these measures can also be used as complimentary to conven-
tional measures of nonlinear time-series analysis. Here we present
a general scheme to construct the RN from a chaotic time series that
can be applied equally well to time series from standard chaotic at-
tractors as well as real-world data. We use an identical value of the
threshold to construct the RN from different time series for a given
embedding dimension. The scheme is thus found to be suitable to
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compare the structural properties of two chaotic attractors by com-
puting the statistical measures of the corresponding recurrence net-
works. To illustrate how the scheme can be implemented in practice,
it is used for the analysis of light curves from a black hole system
and to identify the transitions between two dynamical regimes in a
time-delayed system.

The main aspects in our approach compared to the earlier meth-
ods discussed in section 2.3 are the uniform deviate transformation
of the time series and the criterion used for the selection of εc with
its linkage to embedding dimension M. These changes make it pos-
sible to look for a uniform critical threshold for different chaotic time
series. We do not claim that the RN constructed by our approach is
optimum for all the different types of time series and applications.
The critical range ∆ε presented in Table 3.1 for each M is an empir-
ical choice resulting from the analysis on a limited number of nodes
(N < 10000). It is primarily motivated to get a uniform range for
different chaotic attractors as explained in section 3.2.3 and is not a
rigorous result. However, by getting an identical value of εc for dif-
ferent time series, we are able to achieve a certain level of nonsubjec-
tiveness in the construction of RN, especially for the analysis of time
series from the real world, as we have shown explicitly.

Another important outcome of the present approach not reported
previously is the realization that the value of εc should be linked to
M . This implies that the choice of M is equally important for RN
construction from time series, and a very large value of M , as is gen-
erally believed, may not provide optimum result with limited num-
ber of data points. It is also interesting to note that there is always a
part in the degree distribution of the RN from a chaotic attractor that
corresponds to Poisson distribution where the k values occur more
by chance than by choice. Its position in the degree distribution de-
pends on the choice of εc and M .

There are at least four important potential applications for our
approach, three of which we have shown here explicitly:

1. to compare the structural properties of two chaotic attractors
using network measures through the construction of RN;
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2. to study the transition between two dynamical regimes as a
control parameter is varied;

3. to identify the dimension of the underlying attractor from the
analysis of time series data; and

4. for surrogate analysis using any of the RN measures as a dis-
criminating statistic where a nonsubjective comparison of the
network measures from data and surrogates is required. This
will be discussed in chapter 5.

Another possible application of the scheme, that is important in
the analysis of real-world data, is to study the effect of noise on RN
and the measures derived from it. This will be discussed in detail in
chapter 4.
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Chapter 4

Characterization of chaotic
attractors under noise

In this chapter we commence a detailed numerical investigation to under-
stand how the addition of white and colored noise to a chaotic time series
changes the topology and the structure of the underlying attractor recon-
structed from the time series. We use the methods and measures of recur-
rence plot and recurrence network generated from the time series for this
analysis. We explicitly show that the addition of noise obscures the property
of recurrence of trajectory points in the phase space which is the hallmark of
every dynamical system. However, the structure of the attractor is found to
be robust even upto high noise levels of 50%. An advantage of recurrence
network measures over the conventional nonlinear measures is that they can
be applied on short and non stationary time series data. By using the results
obtained from the above analysis, we go on to analyse the light curves from a
dominant black hole system and show that the recurrence network measures
are capable of identifying the nature of noise contamination in a time series.

4.1 Introduction

It is now well known that many time evolutions in Nature are inher-
ently governed by nonlinear dynamical systems. So the interesting
part in the analysis is the search for deterministic chaos in the time
evolution of the system and the presence of an underlying chaotic
attractor. For this, many quantifiers from chaos theory [7], [93] are
constantly being employed in the nonlinear analysis of observational
data as discussed in Chapter 1.
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A persisting problem in the time series analysis of real world data
is the presence of noise, both white and colored, that tend to ruin two
important properties that are the hallmarks of any dynamical system,
namely, determinism and recurrence. Several aspects of the effect of
noise on synthetic as well as real world data and on the quantifying
measures of discrimination have been addressed by many authors
since the advent of chaos theory some four decades back. For ex-
ample, the influence of white noise on the logistic attractor [94], the
effect of colored noise on chaotic systems [21], method to distinguish
chaos from colored noise in an observed time series [95] and the sem-
inal work on the correlation dimension analysis of colored noise data
by Osborne and Provenzale [19], to mention a few. The above stud-
ies resulted in the development of surrogate methods [23], [96] to
discriminate chaos from random noise in real world data (see sec-
tion 1.4). More details on the effect of noise on chaotic systems and
discriminating measures can be found in several standard books on
chaos [7], [24], [93].

One important aspect in nonlinear time series analysis that has
not received much attention is to understand how the structure of
the underlying attractor is affected by additive noise. One reason
for this has been the absence of a tool that is directly correlated with
the structural changes in a chaotic attractor. In this work, one such
tool is used, namely, the recurrence plot (RP) which is discussed in
section 2.4.1 and combined it with the newly developed measures of
recurrence networks (RN) [48], [56] (see section 2.2.2) to undertake
a detailed numerical analysis to show how the structure of a chaotic
attractor is affected by white and colored noise. This result is then
used to study the capability of RN measures in identifying the nature
of noise contamination in real world data using astrophysical light
curves as example. All the RN discuss in this chapter are ε-RNs that
uses the new scheme proposed for the selection of critical threshold
εc [97] for converting time series into recurrence network, which is
discussed in detail in chapter 3.
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FIGURE 4.1: The RP generated from the standard
Lorenz attractor time series.

There are two aspects of the RN that make them special for the
analysis of time series data. Firstly, since the network measures can
be derived from a small number of nodes in the network, the method
is suitable for the analysis of short, non stationary data [55]. Sec-
ondly, ε - RNs that is considered in this work, generally preserve the
topology of the embedded attractor from the time series [54]. This
is shown specifically for the standard Lorenz attractor below. Hence,
the topological changes in the underlying attractor due to noise addi-
tion are also reflected in the corresponding RN. This, in turn, implies
that the RN and measures can be effectively used to study how the
topological structure of a chaotic attractor is affected by increasing
levels of noise contamination.

The above properties of the RN have resulted in a number of
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practical applications ranging from identification of dynamical tran-
sitions in model systems and real data [66], [67] to classification of
cardio vascular time series [70]. However, there is one area where
the RN measures have not been tested properly. For example, a sys-
tematic analysis of how the RN measures change with the addition
of noise and how effective these measures are in the analysis of real
data involving noise, are missing. To our knowledge, there is only
two studies in this regard, one using the EEG data [98] and another
by Thiel et al. [99] using recurrence plot (RP) measures in this regard.
These factors motivate to do the present analysis.

It should be noted that the aim of this analysis is neither to quan-
tify the amount of noise in a given time series nor to distinguish de-
terministic nonlinear behavior from randomness in a given time se-
ries using any quantifying measure from RN. The present work focus
on the following two aspects:

FIGURE 4.2: The figure shows the construction of the
RN from a time series. The top panel shows the Lorenz
attractor time series and the embedded attractor from
it using the time delay. The bottom panel shows the
RN constructed from the embedded attractor and the

corresponding k-spectrum (see text).

i) How the contamination of white and colored noise affect the
topological structure of a low dimensional chaotic attractor?

ii) How the basic RN measures change with the addition of white
and colored noise to a time series data?
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iii) How effective are the RN measures in the analysis of real world
data containing noise?

In the present work an additional measure is introduced for this pur-
pose, that is derived from the RN, which is named as the k-spectrum.
The number of nodes connected by a reference node is called its de-
gree, denoted by k. Here the different k values present in the RN
is represented in the form of a discrete spectrum. In the following
section it is shown that the structural changes in the attractor due to
noise addition can be represented in terms of the variations in the
k - spectrum. Also, in this work, the time series from the standard
Lorenz attractor is used as the prototype to study the effect of noise
on synthetic data. The analysis is done by adding different amounts
of white and colored noise to the Lorenz data. The results obtained
from this is used for the analysis of real world data.

The RP constructed from a standard Lorenz attractor time series
is shown in the Figure 4.1. The construction of RN from the Lorenz
attractor time series is shown in Figure 4.2.

4.2 Analysis of Synthetic Data

In this section, the details of the analysis regarding the changes in the
topological structure of a chaotic attractor using the RN measures as
a result of the addition of different percentages of white and colored
noise to the attractor time series is discussed. The time series from
the standard Lorenz attractor is used for this analysis. The number
of nodes in the RN is adjusted to be N = 2000 for all computations
in this section. In Figure 4.3, the Lorenz attractor time series and the
constructed RN on the left side, where as, the k - spectrum and the
degree distribution computed from the RN are shown on the right
side. The colour gradient is an indication of how the k value changes
over the attractor. Note that the range of the k - spectrum is from 1
to 78. A star over a particular k value in the spectrum indicates that
this k value is the most probable or the maximum number of nodes
in the RN have this degree. It corresponds to the largest peak in the
degree distribution shown below the k - spectrum.
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FIGURE 4.3: The left panel shows the time series and
the RN of the Lorenz attractor with number of nodes
N = 2000. The right panel shows the k-spectrum and
the degree distribution derived from the RN. Note that
the variation in the degree of each node and its posi-
tion in the RN can be clearly seen from the colour gra-

dient for k.

Here, in Figure 4.4, the time series, RN, k - spectrum and the de-
gree distribution for the white noise and in Figure 4.5, that for red
noise is shown. Note that both are completely different with respect
to the corresponding measures for the Lorenz data. While the RN for
white noise does not have a specific structure, that for colored noise
has a structure similar to that of a chaotic attractor. As expected, the
range of k - spectrum is much smaller for the white noise with the de-
gree distribution tending to a Poissonian, where as, the k - spectrum
and distribution of the red noise has a much wider range compared
even to that of the RN from Lorenz attractor. It is also found that, the
range of k values in the RN of colored noise increases as the spectral
index α increases from 1 to 2, with α = 1 very close to that of white
noise (α = 0).

Next, an ensemble of noise data sets is generated, both white and
colored for the analysis. The colored noise are correlated random
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FIGURE 4.4: The time series, RN, k-spectrum and the
degree distribution for a pure random time series.

FIGURE 4.5: Same as the previous figure for the red
noise. Note that the range of the k-spectrum is much
large compared to the RN of both random and Lorenz
attractor and the topology of the RN is similar to that

of a typical chaotic attractor.

fractals whose power vary, in general, as 1
fα

with the different
values of the spectral index α producing different types of colored
noise. In this work, the colored noise data sets for α = 1, 1.5 and 2.0

is used for the analysis and results are explicitly shown here for one
type of colored noise with α = 2.0, called the red noise.

This difference in the behavior between white and colored noise
can be attributed to the fact that while white noise tend to fill the
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entire available phase space, the colored noise is a self affine fractal
curve which fills only a sub space of the total phase space resulting
in a highly clustered structure and a large range of values in the k -
spectrum.

FIGURE 4.6: The RP constructed from the Lorenz
attractor time series by adding four different per-
centages of white noise: (a)4%(SNR = 25),
(b)10%(SNR = 10), (c)20%(SNR = 5) and
(d)50%(SNR = 2). Note that the structure of the
Lorenz attractor, as reflected in the RP, is not com-

pletely lost untill the SNR becomes 2.

To study the effect of noise contamination, different percentages
of each type of noise is added to the time series from the Lorenz
attractor. Here, the results are shown for noise addition of 5% (SNR
20), 10% (SNR 10), 20% (SNR 5) and 50% (SNR 2). In Figure 4.6,
the RPs generated from time series obtained by adding the above
four levels of white noise to the Lorenz data, with the noise level
increasing from (a) to (d) is shown. A visual inspection shows that
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only when the noise level reaches 50%, the information in the Lorenz
attractor is almost completely lost. For the pure Lorenz attractor, the
value ofDET computed from the RP is 0.988 while for the pure white
noise, it is 0.482. As the percentage of noise increases, the value of
DET decreases as 0.961 for 5%, 0.902 for 10%, 0.814 for 20% and 0.604

for 50%.

FIGURE 4.7: Same as the previous figure, but using red
noise instead of white noise. As in the previous case,
only when the noise level reaches 50%, the RP loses the

characteristic features of the Lorenz attractor.

The same results for the addition of red noise are shown in Fig-
ure 4.7. Again, the value of DET decreases as 0.938 for 5%, 0.867

for 10%, 0.768 for 20% and 0.570 for 50%, with the value for pure red
noise as 0.455. Thus it is found that the time series retains much of
the information regarding the attractor even with moderate noise ad-
dition of both white and colored noise. Note that in Figure 4.7d, the
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nature of the RP cmpletely changes as the time series is dominated
by the red noise.

FIGURE 4.8: The figure shows how the k-spectrum of
the RN constructed from a chaotic attractor varies by
adding different percentages of white noise to the time
series from the attractor. It is clear that the white noise
affects the nodes with high degrees or hubs reducing
their links so that the network tends to a random net-

work as noise level increases.

Now a study is conducted for understanding the effect of noise
on the various measures of RN. The original Lorenz time series and
white noise along with time series obtained by adding three different
percentages of white noise to that of Lorenz is shown on the left panel
in Figure 4.8. The k - spectrum of the corresponding RN are shown
on the right panel. It is evident that the addition of white noise affects
the nodes with largest degree or hubs in the RN. As the noise level
increases, the range of k values keeps on decreasing until, at suffi-
ciently high noise level, most of the nodes in the RN have k value
around the average < k >, with the degree distribution tending to
Poissonian. This can be more clearly seen from Figure 4.9 where, the
P (k) versus k for the four RNs in the above case are presented.

Since the topology of the RN is reflected from that of the actual at-
tractor, this result implies that white noise affects the most clustered
or dense regions of the attractor. The noise destroys the recurrence
of the trajectory points in the phase space and the trajectory points
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which are otherwise, tend to be very close over a time interval, be-
come more widely separated. At sufficiently high noise level, the
trajectories tend to fill the available phase space completely with ap-
proximately equal separation between two trajectory points.

FIGURE 4.9: Degree distribution for the RNs con-
structed from Lorenz attractor time series by adding
different percentages of white noise. The degree dis-
tribution approaches Poissonian as the noise level in-

creases.

Similar results can be shown for the red noise (α = 2.0) addition
as well. Addition of red noise to the Lorenz time series also reduces
the range of the k-spectrum as shown in Figure 4.10 and Figure 4.11.
However, the effect of colored noise is distinctly different from that
of white noise as is evident from the RP shown in Figure 4.7. The
colored noise also obscures recurrence of the trajectory and the recur-
rence occurs only around the main diagonal in the RP. This is mainly
due to the proximity of the trajectory points in time rather than in
space. Thus, every node will only be connected to the nodes closer in
time and hence have approximately the same average degree, except
a few nodes having comparatively large degree due to confinement
and clustering in a lower dimension. This is reflected in the degree
distribution shown in Figure 4.11. The topological structure of the
chaotic attractor in the phase space is also changed accordingly.
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FIGURE 4.10: The figure shows how the k-spectrum of
the RN constructed from a chaotic attractor varies by
adding different percentages of red noise to the time

series from the attractor.

FIGURE 4.11: Degree distribution for the RNs con-
structed from Lorenz attractor time series by adding
different percentages of red noise. As the noise level
increases, the degree distribution deviates from that of

a Lorenz attractor.

To show this explicitly, here the RN for the original Lorenz attrac-
tor along with that of time series added with three different levels
of white noise and red noise is shown in Figure 4.12 and Figure 4.13
respectively. The colour grading with respect to the range of k val-
ues make the figures self explanatory. It is to be noted that, in both
cases, the structure of the Lorenz attractor is not completely lost until
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the level of noise contamination reaches 50%, which is in agreement
with the results obtained from the RPs.

So far the k - spectrum and the degree distribution have been used
to study the effect of noise. It is also important to see how the other
network measures vary with the addition of white and colored noise.
In Figure 4.14, it is shown how the clustering coefficient of individual
nodes cv, given by Eq. 2.2 vary over the RN for three cases, namely,
the Lorenz attractor time series and that added with 10% of white
and colored noise. It is found that the cv of many nodes decrease
by the addition of noise, especially the white noise. This results in
a sharp reduction of the average CC of the RN with the addition of
white noise.

FIGURE 4.12: The RN and k-spectrum of the Lorenz
attractor compared with that of three different attrac-
tors obtained by adding different percentages of white
noise to the Lorenz attractor time series. As the noise
level increases, the maximum k-value keeps on de-
creasing. The topology of the attractor also approaches

that of random.
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Finally, it is shown here how the CPL and the average CC of the
RN vary with noise addition by using a combined plot. For this, at
first an ensemble of 20 time series is generated for the Lorenz attrac-
tor by changing initial conditions and also 20 time series each for
white and red noise. Then different percentages of white and red
noise are added to the Lorenz data, generating an ensemble of 20

time series for each noise level. By constructing the RN from each
time series, the CPL and CC are computed. The results are plotted
on a CPL - CC graph for each type of noise separately. The results
are shown in Figure 4.15 for both white and red noise. The error bar
along the X and Y directions are the standard deviations in the val-
ues for CPL and CC respectively from 20 different time series in each
case.

FIGURE 4.13: Same as the previous figure, but for red
noise addition instead of white noise. The k-spectrum
first decreases and then increases, while the structure
changes continuously as red noise content increases.

It is evident that for white noise addition, there is a systematic
decrease in the values of both CPL and CC as the % of noise increases.
However, the result of addition of red noise is different. Though CPL
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and CC generally decrease with noise, the RN from pure red noise
appears to behave differently. Its CPL is much less compared to that
of all other RNs, but the CC is close to that of the RN from Lorenz
attractor.

FIGURE 4.14: Variation of the clustering coefficient of
the individual nodes cv for the RN of the Lorenz attrac-
tor and that for two attractors obtained by adding 10%
white noise as well as red noise to the Lorenz attractor

time series.

The reason for this is not difficult to understand. Here from the
analysis it is found that, for the same number of nodes, the k - spec-
trum and the range of k values for the RN from red noise is much
large compared to all other RNs, indicating the presence of some
nodes with large degree or hubs. This decreases its CPL significantly.
Due to the confinement of the trajectory in a lower dimension result-
ing in clustering of trajectory points, the average CC remains high.
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FIGURE 4.15: Top panel shows the CPL-CC graph
for RN from the Lorenz attractor, RN for random
time series and attractors obtained by adding differ-
ent amounts of white noise to the Lorenz attractor time
series. The bottom panel shows the same for red noise

and in all cases, N = 2000.

4.3 Application to Real World Data

Based on the results obtained in the previous section, this section
check whether it can be used to extract some preliminary informa-
tion regarding the nature of observational data from the real world
through the computation of RN measures. Specifically, the X-ray
light curves from a dominant black hole binary GRS 1915+105 is used
for the present analysis. The temporal properties of this black hole
system have been classified into 12 different spectroscopic classes by
Belloni et al. [1] based on RXTE observation. The system appears to
flip from one state to another randomly in time. In the present work,
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data sets from 4 out of these 12 is chosen for analysis , namely, kap-
paA, kaiA, phiA and thetaA. Each light curve consists of 3000 contin-
uous data points without any gap. Misra et al. have already applied
surrogate analysis to the light curves from all the 12 temporal states
and have shown that a few of them show deterministic nonlinear be-
havior [100]. Recently, by combining the results of computations by
various quantifiers from conventional nonlinear time series analysis,
Harikrishnan et al. were able to group some of these light curves to-
gether based on their dynamical behavior [83]. In the present work,
representative light curves from all these groups are chosen for the
analysis. These light curves are shown in Figure 4.15.

FIGURE 4.16: Light curves from four representative
spectroscopic classes of the black hole system GRS

1915+105.

At first the RPs are computed from these light curves and they are
shown in Figure 4.17. The values of DET obtained from the RPs are
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0.723, 0.502, 0.794 and 0.688 for phiA, kaiA, kappaA and thetaA re-
spectively. A comparison of the figure with Figure 4.6 and Figure 4.7
and the values of DET obtained from them gives the information
that kaiA is close to pure white noise while the other three deviate
from pure stochastic behavior. PhiA can be considered to be con-
taminated with fair amount of white noise and thetaA is mixed with
some form of colored noise in high percentage. The bahavior of kap-
paA suggests that it is a good candidate for deterministic nonlinear
behavior added with small amounts of colored noise.

FIGURE 4.17: RPs constructed from the light curves
of the black hole system shown in the previous figure.
The states, except kaiA, appears to have some deter-
ministic nonlinear structure mixed with white or col-

ored noise.

To further validate these results, we now compute the RNs and
the associated measures from these light curves. As expected, RN
from kaiA coincides almost exactly with that of white noise and RN
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and distribution of phiA show only small change from that of white
noise. However, the RNs from kappaA and thetaA are found to be
more interesting. These are shown in Fig. 4.18 along with the corre-
sponding degree distribution. We find that the RNs and distributions
from these light curves show deviation from that of pure random
noise.

FIGURE 4.18: RN and degree distribution for two of
the GRS states that appear to have some nonlinearity

mixed with noise.

Finally, to get an insight, the CPL - CC plot for the light curves is
shown in Figure 4.19. For a better comparison, the values for the RNs
from the Lorenz attractor, white noise and red noise are added into
it. The position of kaiA and phiA are very close to that of white noise
indicating high level of white noise contamination in these states.
But on combining the results from the RP, it is clear that phiA is not
pure white noise. The position of thetaA and kappaA are equidistant
from both Lorenz and colored noise indicating possible deterministic
nonlinearity mixed with colored noise in both. Again, from the RP
one can infer that the level of colored noise is much more in thetaA
compared to kappaA.
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So it can be concluded that the present analysis has provided
more information regarding the nature of noise content in some light
curves compared to earlier analysis done by Misra et al. and Harikr-
ishnan et al. using conventional measures, such as, correlation di-
mension and entropy [85], [100]. For example, in the earlier analy-
sis done by Misra et al. and Harikrishnan et al., due to high white
noise content, phiA was identified as white noise. The present analy-
sis shows that it is not. Similarly, the colored noise content in thetaA
was not evident in the earlier surrogate analysis which becomes clear
in the present analysis. However, the results on kappaA and kaiA in
the present work remain unchanged from previous analysis. Over-
all, the numerical analysis in this work shows that the RP and RN
measures are capable of detecting noise contamination in an obser-
vational data and are especially effective in distinguishing white and
colored noise since they change the network measures differently.

FIGURE 4.19: CPL-CC values for the RN from the four
GRS states along with that for Lorenz attractor, white
noise and red noise for comparison, with N = 3000 in

all cases.
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4.4 Conclusion

There are mainly three purposes for the present study which is nu-
merical in nature. On the one hand, the aim of this work is to under-
stand how the addition of white and colored noise to a chaotic time
series affect the topology and structure of the underlying attractor
with the help of RN and the statistical measures associated with it.
An additional measure, called the k - spectrum, is also introduced
here for this purpose. The standard Lorenz attractor time series is
used as the prototype for the numerical analysis. The method in-
volves construction of the RN from the time series through the delay
embedded attractor. Different amounts of white and colored noise
were added to the Lorenz attractor time series and RN constructed.
By computing the RN measures, the present work could show that
the addition of white and colored noise affect the structure of the
attractor differently. However, both tend to obscure the characteris-
tic property of recurrence of the trajectory points over the attractor.
Nevertheless, the characteristic features of the attractor are not com-
pletely lost till the noise level reaches close to 50% in both cases.

It should be noted that the analysis conducted here is only for the
additive noise on a time series data. The structure of the chaotic at-
tractor can also be affected by another important category of noise,
namely, the dynamic or parametric noise which is also physically rel-
evant. Determining how the RN measures are affected by dynamic
noise appears to be highly nontrivial and requires a seperate detailed
analysis.

The second purpose of this study is to know how the RN mea-
sures computed from a time series change with the addition of obser-
vational noise to the data. In this work it is shown that the white and
colored noise affect the measures differently. Finally, this study is
also intended to understand the effectiveness of the RN measures in a
noisy environment for the analysis of time series from the real world.
For this, the present work used representative light curves from dif-
ferent spectroscopic classes of a black hole system GRS 1915+105,
where both white and colored noise are expected. The measures
are computed by constructing the RN from these light curves and
compare them with the corresponding measures of the RNs obtained
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from the previous analysis with the synthetic data. Here it is shown
that these measures are effective for a first analysis of the data and,
to some extent, can distinguish between contamination of white and
colored noise.

Though the RN and the associated measures have found a large
number of applications in various fields, to our knowledge, this is
the first attempt where these measures are employed to study the
effect of noise on the structure of a chaotic attractor and to know
whether these measures are effective in distinguishing between con-
tamination by white and colored noise. A distinct advantage of RN
measures is that they can be applied to short and non stationary time
series, such as, astrophysical light curves, physiological signals, etc.
The numerical analysis that have done here is by no means exhaus-
tive. This work suggest that a combined surrogate analysis including
conventional measures as well as the network measures, such as, CC
and CPL as discriminating statistic, can provide highly accurate re-
sults on the nature and amount of noise content in time series from
real world.
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Chapter 5

Surrogate analysis using
network measures

Recurrence networks and the associated statistical measures have become
important tools in the analysis of time series data. In this chapter, we test
how effective the recurrence network measures are in analyzing real world
data involving two main types of noise, white noise and colored noise. We
use two prominent network measures as discriminating statistic for hypoth-
esis testing using surrogate data for a specific null hypothesis that the data
is derived from a linear stochastic process. We show that the characteristic
path length is especially efficient as a discriminating measure with the con-
clusions reasonably accurate even with limited number of data points in the
time series. We also highlight an additional advantage of the network ap-
proach in identifying the dimensionality of the system underlying the time
series through a convergence measure derived from the probability distri-
bution of the local clustering coefficients. As examples of real world data,
we use the light curves from a prominent black hole system and show that
a combined analysis using three primary network measures can provide vi-
tal information regarding the nature of temporal variability of light curves
from different spectroscopic classes.

5.1 Introduction

Real world data are normally contaminated with different types of
noise and the detection of deterministic nonlinearity in such data is
a highly nontrivial problem. It is still one of the major challenges in
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nonlinear time series analysis [24], though several methods and mea-
sures have been suggested over the years to address this long stand-
ing issue [7], [101]. A generally accepted procedure to detect any
nontrivial behavior in a time series is the method of surrogate data
[22], for a statistical hypothesis testing, though there are other ways
reported in literature to examine nonlinearity of time series without
employing surrogates, under certain conditions. Examples are meth-
ods related to time-directed network properties of visibility graphs
for testing the time-reversal asymmetry [102], [103]. The method of
surrogate data involves generating an ensemble of surrogates from
the data. A specific null hypothesis is assumed for the data that there
is no nontrivial character associated with it. The data and the surro-
gates are then subjected to the same analysis sensitive to this nonlin-
ear measure. One then tries to statistically reject the null hypothesis
for the data by comparing the results for the data and the surrogates
[22], with certain confidence level.

In the present analysis, a specific null hypothesis is assumed that
the data is generated from a linear stochastic process and no nonlin-
earity is associated with it. Then a set of surrogate data which are
compatible with the null hypothesis of a linear stochastic process is
generated. Now after transforming the time series to a complex net-
work, we try to reject the null hypothesis for the data using certain
measures derived from complex network as discriminating measures
(as explained below).

Though the method of surrogate analysis is very popular, there
are also many challenges associated with it [104]. For example, gen-
eration of proper surrogate data is very important for the success
of hypothesis testing. The method to generate surrogate data was
initially introduced by Theiler et al. [22] with the Amplitude Ad-
justed Fourier Transform (AAFT) surrogates. These surrogates are
capable of testing the null hypothesis that the data come from lin-
ear as well as nonlinear static transformation of a stochastic process.
An improved version of the AAFT algorithm has been suggested by
Schreiber and Schmitz [23], [96] using an iterative scheme called the
IAAFT surrogates, which is reported to be more consistent to test
null hypothesis [104]. Recently, Nakamura et al. [105] have proposed
a surrogate generation method called Truncated Fourier Transform
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(TFT) [106]. However, the surrogate data generated by this method
are influenced by a cut-off frequency. In addition, there are also some
other types of surrogate data testing reported in the literature, such
as, cycle shuffle surrogates [107], surrogates for testing pseudope-
riodic time series [108] and even recurrence based surrogates [109],
with each scheme found useful in particular contexts. In this work,
we apply the IAAFT scheme to generate surrogate data using the
TISEAN package [92].

The second important factor in the surrogate analysis is the choice
of a discriminating measure that is sensitive to the nonlinearities as-
sociated with the data. In many cases of hypothesis testing done
in literature, the correlation dimension D2 and the correlation en-
tropy K2 are used as the discriminating measures [110] as they can
be directly computed from the time series by the delay embedding
method [3]. However, the number of data points should be suffi-
ciently large for a proper computation of these measures. In the pa-
per by Theiler et al. [22], a time reversal asymmetric statistic was
introduced which required relatively short time series for computa-
tion. In the present work, we consider the use of recurrence network
(RN) measures for hypothesis testing, under varying conditions of
noise. One obvious advantage of these measures is that they can
be computed with reasonable accuracy even when the time series
is short (say < 5000 data points) [98]. Recently, Subramaniyam et
al. [98], [111] have used the RN measures for the analysis of EEG
data and have shown that these measures can provide insights into
the structural properties of EEG in normal and pathological states.
In a very recent paper ( discussed in Chapter 4 ), Rinku et al. have
shown that the RN measures can characterize the structural changes
in a chaotic attractor contaminated by white and colored noise [112].
In the present work, the aim is to highlight effectiveness of RN mea-
sures as a tool for hypothesis testing in noisy environment, especially
when colored noise is involved. The present work specifically show
that the characteristic path length is very useful in this regard. More-
over, this work also demonstrate a unique advantage of network
based measures for analysis in that the degree distribution as well
as the distribution of the local clustering coefficient of the RN pro-
vides relevant information regarding the dimension or the number

99



Chapter 5. Surrogate analysis using network measures

of variables required to model the underlying system. Here a con-
vergence factor is specifically derived using the standard Kullback-
Leibler measure to identify the dimension beyond which the distri-
butions tend to converge.

In this work, the time series from the Lorenz attractor is used as
prototype to illustrate the effectiveness of using RN measures as dis-
criminating statistic. Here RN analysis is done by adding different
percentages of white and colored noise to the standard Lorenz at-
tractor time series and the surrogates to get a quantitative estimate
of how much noise can swamp the inherent nonlinear behavior and
how to fix the threshold of the statistical measure to discriminate be-
tween nonlinearity and noise. As examples of real world data involv-
ing colored noise, the analysis of the light curves from a prominent
black hole system GRS1915+105 is done. This black hole system is
considered to be unique with the light curves falling in 12 spectro-
scopic classes [1]. The system appears to randomly flip in X-ray in-
tensity variations and these observed intensity variations averaged
over all energy bands are grouped into 12 different states. Earlier
analysis done by Harikrishnan et al. [83] using the measures D2

and K2 have shown strong indication of deterministic nonlinearity
for light curves in 5 of the 12 classes. The present work show that
the analysis using the network measures can provide more exact in-
formation regarding the dimensionality of the underlying system as
well as the nature of noise contamination in different states.

Finally, it is also important to share some thoughts as to why
the proposed method based on RN works. From a conceptual point
of view, Donges et al. [79] have shown that all RN properties can
be analytically derived from the system’s invariant density. In that
case, if one generate IAAFT surrogates from a univariate time se-
ries of a nonlinear deterministic system, then by definition, the sur-
rogates will leave the probability distribution invariant. However,
the particular phase relationship between different parts of the re-
constructed attractor changes. Hence it is important to clarify that
the success of the proposed method is based on taking IAAFT sur-
rogates from univariate time series and then use embedding of this
surrogate time series, instead of taking the original multivariate time
series and their IAAFT surrogates. The latter possibility may result

100



5.1. Introduction

FIGURE 5.1: Time series from the standard Lorenz at-
tractor generated from Eq. 6.4 and the RN constructed
from the time series are shown in the top panel. The
surrogate time series and the corresponding RN are
shown in the bottom panel. Color code represents the

variation of the node degree as indicated.

in some distinctly different behavior.

In this chapter the RNs are constructed from a given time series
using the proposed scheme [97] as discussed in Chapter 3. For a
comparison, the time series from the standard Lorenz attractor and
its RN along with a surrogate of the time series and the correspond-
ing RN is shown in the Figure 5.1. Here, y - component of the Lorenz
system is used to generate the time series and with a time step of 0.05.
The parameters used for the construction of both RNs are M = 3 and
ε = 0.1

Once the time series is transformed into a complex network, the
structural properties of the reconstructed attractor can be character-
ized by the statistical measures of the complex network. Though
many different statistical measures can be defined for a complex net-
work [113], in the present work, two among the other measures is
used for surrogate analysis: an averaged local measure called the av-
erage clustering coefficient (CC) and a global network measure, the
characteristic path length (CPL), which are discussed in detail in sec-
tion 2.2.2.
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Here the analysis is done using both CPL and CC as discriminat-
ing measures for hypothesis testing and it is discussed in the next
section. Apart from these two, the degree distribution P (k) and the
distribution of the local clustering coefficient P (Cv) is also used to
gain information regarding the dimension of the underlying system
as explained in the next section.

5.2 Analysis of synthetic data

In the present work, firstly, the data from the standard Lorenz attrac-
tor is analysed whose equations are given by:

dx

dt
= σ(y − x)

dy

dt
= x(r − z)

dz

dt
= xy − bz (5.1)

with the parameter values σ = 10, r = 28 and b = 8/3. As men-
tioned in section 3.4 of Chapter 3, one advantage of using network
measures is that they can be effectively computed from a relatively
low number of nodes in the network. Specifically, since the num-
ber of data points in all the black hole light curves is ∼ 3000, in this
work the same number of data points is used for the Lorenz attractor
time series as well. To study the effect of noise, here an ensemble of
data sets is generated by adding different percentages of white and
colored noise to the Lorenz data. The colored noise essentially pro-
duces a random fractal curve with power varying as p(f) ∝ 1/f s,
where s can, in practice, vary from 1 to 2. However, the two most
prominent cases in terms of occurence in real world are s = 1, called
1/f noise (which mimics the brownian motion) and s = 2, called the
red noise. In this work both noise are generated and the analysis
done by adding it to the Lorenz data. While the results for s = 1

is very close to that of white noise, that for s = 2 are very different
and hence it is used here to represent the colored noise in general
with s varying from 1.5 to 2. Surrogate analysis is performed with 20

surrogates for each data generated by the TISEAN package [92].
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5.2. Analysis of synthetic data

FIGURE 5.2: Results of RN analysis of the Lorenz at-
tractor time series with 20 surrogates using both CPL
and CC as quantifying measures. Results for surro-
gates are shown in dashed line. For each M , the cor-
responding value of recurrence threshold ε is used for

computing CPL and CC.

In Figure 5.2, the result of RN analysis of the Lorenz attractor time
series and its surrogates using both CPL and CC as quantifying mea-
sures is shown. Here, for each M the corresponding value of ε (refer
Table 3.1) that satisfies the primary criterion of giant component in
RN is used for computing the network measures, as discussed in de-
tail in the work [97] given in Chapter 3 . It is clear from Figure 5.2,
that null hypothesis that the data comes from a linear stochastic pro-
cess can be rejected with high confidence level in both cases. The
question may naturally arise why the considered linear surrogates
lead to different RN properties than the original data. Though the
AAFT surrogates keep the distribution of time series conserved, the
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FIGURE 5.3: RN analysis of Lorenz data added with
two different percentages of white noise and their sur-

rogates with CPL and CC as quantifying measures.

nonlinear structures present in the data are destroyed in the surro-
gates leading to different values of measures after embedding. Effec-
tively, this leads to an altogether different RN compared to that from
data, as is evident from Figure 5.1.

In order to quantify the results, a statistical measure proposed
earlier by Harikrishnan et al. [83], namely, the normalised mean sigma
deviation or nmsd is used in this work. For CC, the measure can be
defined as

nmsd2 =
1

Mmax − 1

Mmax∑
M=2

(
CC(M)− < CCsurr(M) >

σsurrSD (M)
)2 (5.2)

with a similar expression for CPL. Here Mmax is the maximum em-
bedding dimension for which the analysis is undertaken, CC(M) is
the CC for the data, < CCsurr(M) > is the average CC for 20 re-
alizations of the surrogate data and σsurrSD (M) is the standard devia-
tion of CCsurr(M). For the Lorenz time series, nmsd(CC) = 38.46

and nmsd(CPL) = 26.37. For pure white noise, the nmsd values are
found to be nmsd(CC) = 1.92 and nmsd(CPL) = 1.64 while the cor-
responding values for red noise are obtained as nmsd(CC) = 2.26

and nmsd(CPL) = 2.08. The value of nmsd can be used effectively
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5.2. Analysis of synthetic data

FIGURE 5.4: Same as Figure 5.3, but with additive red
noise instead of white noise.

as a quantitative measure to reject the null hypothesis.

The RN analysis of data and surrogates is performed by adding
different percentage of white and colored noise to the Lorenz data.
The results for two noise levels 5% (SNR 20) and 20% (SNR 5) are
shown in Figure 5.3 for white noise and in Figure 5.4 for red noise.
From Figure 5.3, it is observed that the data and surrogates become
hardly distinguishable when the noise level reaches 20% for both
CPL and CC. On the other hand, from Figure 5.4 with additive red
noise, this is true only for CPL (left panel) and not for CC. Moreover,
two other results can also be inferred from these figures:

1. The values of data and surrogates show much deviation be-
yond the actual dimension of the system.

2. The CPL of pure data are much above the surrogates. As the
noise level increases, the value of the measure for the original
data systematically approaches that of surrogates. However, in
some cases, CPL of data can be below that of surrogates, but
the difference decreases with increase in noise.

To get a statistically more relevant result, here, Lorenz data with 10

different initial conditions are generated and added noise on each

105



Chapter 5. Surrogate analysis using network measures

FIGURE 5.5: Variation of nmsd (see text) for both CPL
and CC with % of noise added to Lorenz data. Solid
triangles are for white noise and solid circles are for

additive red noise.

so that there are 10 different data sets for each level of added noise.
By performing the surrogate analysis on these data sets, the nmsd
for each percentage with an error bar obtained from the standard
deviation is computed . The variation of nmsd(CC) and nmsd(CPL)

with % of noise for both white and red noise is shown in Figure 5.5.

From the Figure 5.5 it becomes clear that the CC of the RN is not
much affected by red noise contamination as the nmsd(CC) remains
high even with high percentage of red noise. In other words, in terms
of CC, it is difficult to distinguish between a low dimensional chotic
attractor and red noise by the proposed scheme in this work. This
implies that for RN analysis of data and surrogates where red noise
is expected, such as astrophysical light curves, CC is not a good dis-
criminating measure. On the other hand, CPL seems to be sensi-
tive to both white and colored noise contamination and can be used
as an effective discriminating statistic between data and surrogates.
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5.2. Analysis of synthetic data

Hence, in the analysis of the black hole light curves below, only CPL
is used as the discriminating measure. Now for rejecting the null hy-
pothesis, it is required to fix a lower limit for the value of nmsd based
on the present results obtained above.

From Figure 5.5, it can be observed that as the noise level reaches
20%, the nmsd(CPL) for both white and colored noise becomes very
small (< 2.0). Hence a conservative limit of 10% for noise level is
fixed in this work above which detection of nontrivial structures in
the data is considered to be difficult. The average value of nmsd
corresponding to this noise level, namely 5.0, is fixed as the threshold
for rejecting the null hypothesis. It could be a point of argument
whether one can fix a common threshold for nmsd applicable to all
the different types of systems. This is because, sensitivity of noise can
be system-specific and a good threshold nmsd for one may not be so
for another. Though this is true in principle, here it is observed that
the proposed threshold works in practice for a variety of systems.

In the case of synthetic time series, such as the one from the Lorenz
attractor considered above, the number of variables involved and
hence the embedding dimensionM are known a priori. However, this
information is absent in the case of observational data. Just like the
measures, such as D2 and K2, the network measures are also likely
to be inaccurate if the applied embedding dimension is less than the
actual dimension of the system. Two methods are commonly used
to select the proper embedding dimension M . The more popular
method is the one based on false nearest neighbor [114], which is
discussed in section 1.3.1.2 of Chapter 1. The second method is to
check for a saturated value of D2 and then take the next higher inte-
ger value as M . But both these methods become difficult if the data
is short and noisy. In such situation, the present work show that a
network based measure can be used to find an appropriate value of
M .

As discussed in Chapter 4, the degree distribution can give infor-
mation regarding the number of variables required to characterize
the underlying attractor. In the present work, it is observed that for
RN from chaotic time series and even colored noise, the degree dis-
tribution shows approximate convergence beyond the actual dimen-
sion of the system, a behavior identical to that of D2. The reason is

107



Chapter 5. Surrogate analysis using network measures

FIGURE 5.6: (Top) Degree distribution of the RN con-
structed from the Lorenz attractor time series with
M = 2 (solid line), M = 3 (solid circles connected by
dashed line) and M = 4 (dotted line). (Bottom) The

same for a white noise time series.

that the attractor gets confined to a sub space of the total phase space
and does not change for further increase in M . However, for data
dominated by white noise, the degree distribution keeps on shifting
without showing convergence. This result is explicitly shown in Fig-
ure 5.6 taking time series from Lorenz attractor (upper panel) and
the white noise (lower panel) and computing the degree distribution
for various M values. It is also known [97] (see Figure 3.17) that the
variation of the degree distribution with M for white noise is similar
to that of the surrogate data.

However, the above observations regarding convergence are sub-
jective since the distributions for two M values can never coincide
exactly. Hence it is desirable to have an objective measure to quantify
the convergence of two distributions. Such a measure has been de-
fined in the literature called the Kullback - Leibler (K-L) divergence
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[115]. This measure was originally introduced in probability theory
to compare and quantify the difference between two probability dis-
tributions P and Q.

FIGURE 5.7: Probability distribution of the local clus-
tering coefficient P (C) for RNs from the Lorenz attrac-
tor time series (top panel) and pure white noise (bot-
tom panel). In both cases, the results are shown for
M = 2 (green solid line), M = 3 (red star points),
M = 4 (blue open squares) and M = 5 (black
crosses). While the distributions show approximate
convergence for M ≥ 3 in the top panel, the points

are scattered for all M values in the bottom panel.

Specifically, the K-L divergence fromQ to P , denoted byDKL(P |Q),
is a measure of the amount of information lost when Q is used to

109



Chapter 5. Surrogate analysis using network measures

approximate P . For discrete probability distributions, the K-L diver-
gence from Q to P is defined as [116]:

DKL(P |Q) =
∑
i

P (i) log
P (i)

Q(i)
(5.3)

For continuous distribution, the summation is replaced by integra-
tion.

Though this is a useful measure, it cannot be applied directly in
the case of degree distribution since the range of k values is generally
different for two degree distributions. To overcome this difficulty, in
this work the probability distribution of the local clustering coeffi-
cient P (C) over the entire RN is considered. It is found that, like the
degree distribution, P (C) also reflects the intrinsic nature of the time
series and more importantly, it is ideal to apply the K-L measure. To
get the probability P (C), a computation of how many nodes in the
RN have a given value of C is done and it is normalised with respect
to the total number of nodes in the network. The advantage here is
that C always varies in the unit interval and hence the comparison
between two distributions is easy.

This measure is first used to check the RNs from a standard chaotic
time series and white noise. For this, the RN is constructed for M
values from 2 to 6. Here M > 6 is not considered since the number
of nodes in the network is only ∼ 3000. In Figure 5.7, the variation
of P (C) is shown for the RNs from standard Lorenz attractor time
series (upper panel) and random time series (lower panel) for M val-
ues from 2 to 5. The difference between the upper and lower panels
is obvious. For Lorenz, the distributions have a structure and show
convergence for M > 2 whereas, the same for random is scattered
throughout the unit interval without showing any convergence.The
same analysis is done for other types of noise. For red noise, the dis-
tribution is found to converge beyond M = 3, while for 1/f noise,
the distribution behaves almost identical to that of white noise with
no convergence in M . Now the K-L measure is computed by com-
paring two distributions at a time for consecutiveM values using the
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equation:

DKL(PM |PM+1) = |µM − µM+1|+
∑
C

PM(C) log
PM(C)

PM+1(C)
(5.4)

where µM is the average value of C for dimension M and µM+1 is
that for dimension (M + 1). These values are added to capture the
difference due to the displacement of one profile from the other. The
calculation is repeated by taking the distributions for two successive
M values at a time changing M from 2 to 6. The values obtained are
shown in Table 5.1. If the values show convergence above a partic-
ular M value, it is taken as the required embedding dimension. For
example, the values clearly show convergence for the Lorenz attrac-
tor beyond M = 2|M = 3 while they keep on fluctuating for random
time series. Thus, for the Lorenz attractor and red noise, M = 3 can
be chosen as the required minimum embedding dimension from the
Table 5.1 while no such dimension can be chosen for the white noise.
This measure also provides the minimum M value that should be
used for computing the network measures from the RNs from real
data whose dimension is unknown. In the present work, this mea-
sure is also used together with the results obtained from RN analysis
given above to distinguish between white noise and colored noise
contamination in a time series.

5.3 Analysis of black hole data

In this section, the network measures are used to analyse the X - ray
light curves from the black hole binary GRS1915+105 to check how
effective the network measures are in finding deterministic nonlin-
earity in real world data. The light curves from the black hole sys-
tem have been classified into 12 spectroscopic classes, labeled by 12

different symbols (α, β, ρ, ν, θ, κ, λ, µ, δ, φ, γ and χ), by Belloni et al.
[1] based on Rossi X-Ray Timing Explorer (RXTE) observation. The
light curve for a given Observation ID can be obtained from the stan-
dard products. In this work, the light curves are derived from the site
http://heasarc.gsfc.nasa.gov/docs/xte/recipes/stdprod-guide.html,
which provide a 0.125 second time resolution summed over all en-
ergy channels. It is better to have continuous data without gaps
though RN analysis can be done on data involving gaps which is
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System DKL(P2|P3) DKL(P3|P4) DKL(P4|P5) DKL(P5|P6) M

Lorenz 0.1962 0.1143 0.1109 0.1004 3
White Noise 0.5498 1.6329 0.8358 1.162 NS
Red Noise 0.238 0.109 0.107 0.116 3

ρ 0.2115 0.1566 0.0897 0.0834 4
ν 0.4687 0.1684 0.1177 0.1154 4
β 0.8207 0.1445 0.1497 0.1330 3
θ 0.4182 0.1303 0.1255 0.1271 3
α 0.6375 0.1511 0.1108 0.1144 4
κ 1.154 0.1918 0.1321 0.1287 4
λ 0.3163 0.1368 0.1306 0.1427 3
µ 0.3853 0.2030 0.1223 0.1154 4
γ 1.584 1.002 0.5362 0.8904 NS
δ 1.254 0.426 0.714 0.148 NS
φ 2.026 0.936 0.418 0.219 NS
χ 2.036 0.875 1.269 0.137 NS

TABLE 5.1: Variation of the K-L measure obtained by
comparing the probability distributions of local CC
of the RNs for successive embedding dimensions for
time series from Lorenz attractor, white noise and the
light curves from all GRS states. The last column indi-
cates the embedding dimension at which the measure
saturates in each case. “NS” indicates no saturation.

technically more challenging. For each class, a few continuous seg-
ments are extracted for the analysis. The light curves in all cases have
been generated after rebinning to a time resolution of 1 second (to
minimise noise), resulting in continuous data of length in the range
3000 to 3500. More details regarding the data are given elsewhere
[117]. For each class, 6 different light curves (6 observation IDs) were
generated for the analysis.

Representative light curves from 4 different classes are shown in
Figure 5.8. The black hole system appears to flip from one class to
another randomly in time and it is obvious that the light curves from
each class are different even visually. The complete light curves have
been presented in [83], where all the light curves have been analyzed
using D2 and K2 and classified based on a dynamical perspective
and the nature of the noise content. This classification is mostly con-
firmed by a recurrence plot analysis [118] and very recently by a ma-
chine learning software analysis [119], where the authors develop
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5.3. Analysis of black hole data

FIGURE 5.8: Representative light curves from
four spectroscopic classes of the black hole system
GRS1915+105. The signal amplitudes of all the light
curves have been rescaled into the unit interval. Note
that the signal from χ state is much weaker compared

to others.

a set of automated schemes based on supervised machine learning
tools to efficiently classify the entire data set in terms of chaotic and
stochastic processes. The present work check whether the analysis
based on network measures can provide more accurate information
on the temporal behavior of these light curves.

Before constructing the RN from the light curves, the importance
of the proposed scheme and the value of parameters defined (see Ta-
ble 3.1) for the reconstruction discussed in Chapter 3 is demonstrated
here to show that it can be applied for the real world data as well .
In Figure 5.9 (top panel), the RNs constructed from a representative
light curve (ν) for M = 3 with 3 values of ε, namely, 0.06, 0.10 and
0.15 is shown. In the bottom panel, the degree distributions of these
RNs are also given. It is clear that a reasonable choice of recurrence
threshold can be taken as 0.1. Thus the scheme works well for the
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FIGURE 5.9: RNs constructed from the light curve of ν
state takingM = 3 and using three different values (as
indicated) of ε shown in the upper panel. The degree
distributions for the three networks are shown in the
bottom panel. The networks and the distributions jus-
tify the selection of ε = 0.1 as the threshold for M = 3.

real data as well.

The RNs constructed from the 4 light curves shown in Figure 5.8
are given in Figure 5.10. All the networks appear different from each
other and the network for χ state is similar to that from a white noise.
The RN analysis is perfomed on light curves and their surrogates
from all the 12 classes taking 6 different light curves for each class
with the CPL as the quantifying measure. Results for the above 4

states are shown in Figure 5.11. As expected, the χ state behaves
identical to the white noise while the other three show deviations
from purely stochastic behavior. When the average value of nmsd for
each class is compared with the threshold value for rejecting the null
hypothesis as given above, it is identified that the null hypothesis
can be rejected in all but 4 states, namely, δ, φ, γ and χ, with the
average nmsd > 5.0 in all the other states. Note that in Figure 5.11,
the surrogates clearly deviate from data for M ≥ 4 except for the χ
state which is compatible with noise. It is found that the data and
the surrogates deviate beyond a certain M value for all the 8 states
for which the null hypothesis can be rejected.

The degree distribution is computed for the RNs from all the light
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FIGURE 5.10: RNs constructed from the four light
curves shown in Figure 5.8 with M = 4 and ε = 0.14.
The color of a node is based on its degree as indicated

in the colorbar.

curves. Except the four states found to be compatible with noise in
the RN analysis, all the other states show approximate convergence
of the degree distribution with M . More importantly, the value of M
beyond which the convergence occurs is consistent with the M value
at which the data and the surrogates start deviating. The degree dis-
tributions for 2 representative classes are shown in Figure 5.13. In
three states out of 8, the convergence occurs at M = 3 and in the re-
maining five, at M = 4. To get a convergence measure with M , the
probability distribution P (C) for all the states is computed by chang-
ing M from 2 to 6. The distributions for two GRS states are shown in
Figure 5.12 and the K-L measures computed from the distributions as
above, are shown in Table 5.1 for the complete range of M values for
all the 12 states. The K-L measure does not show convergence with
M for the 4 states for which the null hypothesis is rejected, indicat-
ing high dimensionality. The remaining 8 states show convergence
either at M = 3 or M = 4, as indicated in the last column of the table.

Finally, the global clustering coefficient CC is computed for the
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FIGURE 5.11: Results of surrogate analysis of the four
representative light curves from the black hole sys-
tem with CPL as the discriminating statistic. Apart
from the χ state, the other states show deviations from
stochastic behavior and the null hypothesis can be re-

jected for them.

RN for all the 12 states taking M = 4. The combined CPL-CC plot
is shown in Figure 5.14. To get a comparison with a pure chaotic
system and noise, the values for the RN from the Lorenz attractor,
white noise and red noise are also added into the CPL-CC plot. Note
that the position of the 4 states for which the null hypothesis cannot
be rejected are very close to white noise while of the remaining 8

states, 7 are clustered equally away from white and colored noise.
Interestingly, one state α, appears isolated with the CPL value very
low compared to all other states.

Combining the results from surrogate analysis, the K-L conver-
gence measure and CPL-CC plot, the present work arrived at the
following conclusions:

a) The four states δ, φ, γ and χ are consistent with stochastic pro-
cess and null hypothesis cannot be rejected for them. They show
properties very similar to white noise or 1/f noise (which in the
present work it is unable to distinguish). Hence in this work these
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FIGURE 5.12: Probability distributions of the local
clustering coefficient C for RNs constructed from the
light curves of two GRS states for M = 2 (green solid
line), M = 3 (red star points), M = 4 (blue open
squares) and M = 5 (black crosses). In both cases, the
distributions tend to converge for M ≥ 4, indicating

the dimensionality of both systems as 4.

4 states are considered to be dominated by either white noise or 1/f

noise.
b) The remaining eight states appear to deviate from stochastic

behavior with the underlying system having a finite dimensionality
M and are probably contaminated by some form of colored noise.

Note that by null hypothesis, this work is able to reject a specific
stochastic process, but it does not permit to accept any other alterna-
tive. In the present analysis, only one specific type of colored noise
is used for computations, namely, the red noise. There are other can-
didates in the category of colored noise and also other different pos-
sible stochastic processes that have not been tested here. Hence it
is difficult to derive any further conclusions other than those given
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FIGURE 5.13: Degree distribution of the RNs con-
structed from two representative GRS light curves
with M = 3 (red dotted line), M = 4 (blue open cir-
cles) and M = 5 (black solid line). Note that the three
degree distributions converge approximately for the ρ
state while they keep on shifting towards the left as M
increases for the χ state, which is the typical behavior

of white noise.

above from the present numerical results on the nature of the light
curves. However, by closely analyzing the values of nmsd of the
states for which the null hypothesis is rejected, we try to get some
further information regarding the nature of their temporal behavior.

Here it is found that the nmsd(CPL) of these 8 states fall into two
different ranges. For five states (θ, α, β, λ, µ), the value of nmsd are
in the range 5 < nmsd < 8 and for the other three states (ρ, ν, κ), the
values are > 9. Since moderate contamination of colored noise tends
to keep nmsd high and also tends to keepM value saturated, we con-
jecture that the former 5 states are colored noise dominated. The latter
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three states can be considered to be potential candidates to search
for deterministic nonlinearity. Note that the results from the present
analysis are mostly in agreement with the previous analysis done by
Harikrishnan et al. [83] using D2 and K2 where also the null hy-
pothesis has been rejected in the same 8 states. However, the colored
noise contamination has become more evident in a couple of more
states in the present analysis.

5.4 Discussion and conclusion

The main objectives of the entire analysis undertaken here have been
threefold:

i) To test the efficiency of RN measures as discriminating statistic
for hypothesis testing using surrogate data

ii) To check whether these measures are effective if the data in-
volves both white noise and colored noise which are very common
in real world systems

iii) To illustrate the possibility of a network based approach to
find the dimensionality of the underlying system if the time series
deviates from a purely stochastic process.

FIGURE 5.14: Combined CPL-CC plot for all the GRS
light curves along with the values for the Lorenz at-
tractor, white noise and red noise for comparison. The
error bar for the GRS states represents the variation on
the value over the 6 light curves while that for syn-
thetic data is the variation for 10 different simulations.
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Three primary network measures CPL, CC and the distribution of
C are tried in this analysis, with the first two used as discriminating
measures. A specific hypothesis is applied that the data are derived
from a linear stochastic process and then attempt to reject it using
IAAFT surrogates. The time series from the standard Lorenz attrac-
tor added with different amounts of white noise, 1/f noise and red
noise are used to test the results of the analysis. Then it is found that
CC is not a good discriminating measure if the data involves colored
noise where as CPL is effective in the presence of both white and col-
ored noise. Hence only CPL is used as discriminating measure in the
subsequent analysis of real data, which are the light curves from 12

spectroscopic classes of the black hole system GRS 1915+105.

The real advantage of using network measures is that they can
be accurately computed from less number of nodes in the network,
compared to the number of data points required for computing D2

and K2. One positive aspect of the present analysis is the result that
the network approach can be combined with a new measure derived
from the probability distribution of the clustering coefficient to get
information regarding the dimension of the underlying system in the
time series. Using this measure it is possible to identify the dimen-
sion of the light curves from all the temporal states for which the
null hypothesis can be rejected. Thus it is concluded that a network
approach with CPL as discriminating measure and the convergence
measure based on P (C) is better suited to study the temporal prop-
erties of time series from the real world.

Though the main motivation in the present analysis is to study
application of network measures as tools to analyze real data, at
present it is appropriate to mention what new information this work
have gained regarding the nature of light curves with this analysis.
The present study mostly supports the previous one with null hy-
pothesis rejected for the same states. One additional information
of the present approach is the possibility of deriving the dimension
also from a time series with a limited number of data points and
a better information regarding colored noise contamination in vari-
ous states. The astrophysical reason of why very few black hole sys-
tems show different spectroscopic classes (with qualitatively differ-
ent temporal behavior) and random flippings between these classes,
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is still an open question and an active field of research. The result
that a few states may be deterministic nonlinear does not in any way
imply that there is evidence for chaos in the system. It only implies
that the accretion process responsible for the generation of the light
curves in these states may have some underlying dynamics which
can somehow be represented by a system of coupled nonlinear dif-
ferential equations. Chaos, of course, is a more exciting prospect, but
warrants more specific criteria on the part of the system apart from
nonlinearity.
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Chapter 6

Measure for degree
heterogeneity in complex
networks

In this chapter we propose a novel measure of degree heterogeneity, for un-
weighted and undirected complex networks, which requires only the degree
distribution of the network for its computation. We show that the proposed
measure can be applied to all types of network topology with ease and in-
creases with the diversity of node degrees in the network. To define the mea-
sure, we introduce a limiting network whose heterogeneity can be expressed
analytically with the value tending to 1 as the size of the network N tends
to infinity. Finally, as a specific application, we show that the proposed
measure can be used to compare the heterogeneity of recurrence networks
constructed from the time series of several low dimensional chaotic attrac-
tors, thereby providing a single index to compare the structural complexity
of chaotic attractors.

6.1 Introduction

As discussed in previous chapters, a network is an abstract entity
consisting of a certain number of nodes connected by links or edges.
The number of nodes that can be reached from a reference node ı in
one step is called its degree denoted by ki. If equal number of nodes
can be reached in one step from all the nodes, the network is said to
be regular or homogeneous. A regular lattice where nodes are asso-
ciated with fixed locations in space and each node connected to equal
number of nearest neighbours, is an example of a regular network.
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However, in the general context of complex networks, it is defined
in an abstract space with a set of nodes N = {1, 2, 3....N} and a set
of links connecting these nodes. As the spectrum of k values of the
nodes increases, the network becomes more and more irregular and
complex. Over the last two decades, the study of such complex net-
works has developed into a major field of inter-disciplinary research
spanning across mathematics, physics, biology and social sciences
[113], [120], [121].

Many real world structures [122] and interactions [120], [123] can
be modeled using the underlying principles of complex networks
and analysed using the associated network measures [81]. In such
contexts, the corresponding complex network can be weighted [124]
or unweighted and directed [125] or undirected (refer section 2.2.1.1)
depending on the system or interaction it represents. In the work
presented in this chapter, the analysis is restricted to unweighted and
undirected networks and the possible extensions for weighted and
directed networks are discussed in the end. The topology or struc-
ture of a complex network is determined by the manner in which the
nodes are connected in the network. For example, in the case of the
classical random graphs (RG) of Erdős and Rényi (E-R) [126], two
nodes are connected with a constant and random probability p. In
contrast, many real world networks are found to have a tree structure
with the network being a combination of small number of hubs on to
which large number of individual nodes are connected [127]. An
important measure that distinguishes between different topologies
of complex networks is the degree distribution P (k) that determines
how many nodes in the network have a given degree k. For the RGs,
P (k) is a Poisson distribution around the average degree < k > [81]
while many real world networks follow a fat-tailed power law dis-
tribution given by P (k) ∝ k−γ , with the value of γ typically between
1 and 3 [128]. Such networks are called scale free (SF) [129], [130] due
to the inherent scale invariance of the distribution.

Though topology is an important aspect of a complex network,
that alone is not sufficient to characterize and compare the inter-
actions that are so vast and diverse. A number of other statistical
measures have been developed for this purpose, each of them being
useful in different contexts. Among a number of statistical measures
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developed, two commonly used quantifiers are the clustering coef-
ficient (CC) and the characteristic path length (CPL). There are also
characteristic properties of local structure used to compare the com-
plexity of networks in particular cases, such as, the hierarchy or com-
munity structure [121] in social networks and motifs [53] and super
family profiles [123] in genetic and neuronal networks. However, a
single index that can quantify the diversity of connections between
nodes in networks even with different topologies, is the heterogene-
ity measure [131]. It is also indicative, in many cases, of how stable
and robust [132] a network is with respect to perturbations from var-
ious external parameters. An important example is the network of
North American power grid [122]. Recent studies have also revealed
the significance of the heterogeneity measure in various other con-
texts, such as, epidemic spreading [133], traffic dynamics in networks
[134] and network synchronization [135].

The network heterogeneity has been defined in various ways in
the literature which is explained in detail in the section 6.2. It is to
be mentioned here that all the existing measures are based on the de-
gree correlations ki and kj of nodes ı and  in the network, but in the
present work, the proposed measure uses only the degree distribu-
tion P (k) to compute the heterogeneity of the network. However,we
show that this new measure varies directly with the k spectrum, or
the spectrum of k values in the network, and hence gives a true repre-
sentation of the diversity of node degrees present in the network. In
other words, it serves as a single index to quantify the node diversity
in the network.

Here, a class of networks is included that are not considered so
far in the context of heterogeneity measure in any of the previous
works. These are complex networks constructed from the time se-
ries of chaotic dynamical systems, called recurrence networks [55]
(see section 2.3). The diversity of node degrees in the RNs was ac-
tually one of the motivations for the present work to search for a
heterogeneity measure that could be used to compare the structural
complexities of different chaotic attractors through the construction
of RNs.
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6.2 Existing Measures of Heterogeneity

If one compares the available measures of heterogeneity proposed in
the literature, it becomes clear that two different aspects of a complex
network can be quantified through a heterogeneity measure. They
are the diversity in node degrees and the diversity in the structure
of the network. For example, the initial attempts to measure the het-
erogeneity try to capture the diversity in the node degrees of the net-
work and were mainly motivated by the random graph theory. The
first person to propose a measure of heterogeneity was Snijders [136]
in the context of social networks and it was modified by Bell [137] as
the variance of node degrees:

V AR =
1

N

N∑
i

(ki− < k >)2 (6.1)

where < k > represents the average degree in the network. Though
this is still one of the popular measures of heterogeneity, its applica-
bility is mainly limited to RGs where one can effectively define an
average k. Another measure was proposed by Albertson [138] as:

A =
∑
i,j

|ki − kj| (6.2)

which is a sum of the local differences in the node degrees in the net-
work. This index also is not completely adequate in quantifying cor-
rectly the heterogeneity of networks with different topologies. Apart
from the above two measures defined in the context of social net-
works, another measure [139] has recently been proposed to quan-
tify the degree heterogeneity. It uses a measure of inequality of a
distribution, called the Gini coefficient [140], which is widely used in
economics to describe the inequality of wealth. Here a heterogene-
ity curve is generated using the ratio of cumulative percentage of the
total degree of nodes to the cumulative percentage of the number of
nodes. The heterogeneity index is then measured as the degree in-
equality in a network. Though the authors compute heterogeneity of
several standard exponential and power law networks, the measure
turns out to be very complicated and works mainly for networks of
large size withN →∞. In short, none of these measures, though use-
ful in particular contexts, truly reflects heterogeneity as represented
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by the diversity of node degrees in a network. A comparative study
of the above heterogeneity measures has been done by Badham [141].

The second aspect of heterogeneity discussed in the literature is
the topological or structural heterogeneity possible in a complex net-
work which is especially important in real world networks. An ex-
ample for this is the measure proposed by Estrada [131] recently,
given by

ρ =
∑
i,j

(
1√
ki
− 1√

kj
)2 (6.3)

which can also be normalised to get a measure ρn within the unit
interval [0, 1] as:

ρn =
ρ

N − 2
√

(N − 1)
(6.4)

If one analyse this measure closely, one finds that it is basically
different with respect to the earlier measures. The reason is that
the measure proposed by Estrada is based on the Randic index [142]
given by

R−1/2 =
∑
i,j

(kikj)
−1/2 (6.5)

Now, the Randic index was originally proposed [143] as a topo-
logical index under the name branching index to measure the branch-
ing of Carbon atom skeletons of saturated Hydrocarbons. This index
is so designed to get extremum value for the “star” structure which
is the most heterogeneous branching structure and is bounded by
values given by

√
N − 1 ≤ R−1/2 ≤ N/2 (6.6)

with the limiting values for the star structure and a regular lattice.
To be specific, Estrada defines heterogeneity through an irregularity
index for each pair of nodes Iij , where Iij = 0 if ki = kj and Iij →
1 for ki = 1 and kj → ∞. It is obvious that a measure based on
this definition will be maximum for a “star network” of N nodes
compared to all other networks since there are (N − 1) connections
with Iij having maximum value.
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The above discussion reveal that Estrada’s measure elegantly cap-
tures the structural aspect of heterogeneity associated with a com-
plex network. This is also evident in the results given by the author.
Out of all possible branching structures, the heterogeneity is maxi-
mum for the star structure. While the star network has ρn = 1, the
values for networks with other topologies are much less with a typ-
ical SF network having ρn ∼ 0.1. This measure is important in the
context of real world networks with different topology and structure
and can be used to classify such networks as shown by Estrada.

The present work in this thesis focus the heterogeneity associated
with the diversity in node degrees (analogous to the earlier attempts
of heterogeneity) to propose a measure applicable to networks of all
topologies. An important difference compared to eartier attempts is
that, we use the frequencies of the node degrees, rather than ki di-
rectly, to define this measure. we show that, as the spectrum of k
values in the network increases, the value of the measure also in-
creases correspondingly. The new measure proposed by us is named
as degree heterogeneity in order to distinguish it from the measure pro-
posed by Estrada [131]. Also, the two measures capture complimen-
tary features of heterogeneity in a complex network. A network hav-
ing high heterogeneity in one measure may not be so in the other
measure and vice versa. For example, the star network is nearly ho-
mogeneous in our definition of heterogeneity, as shown below. It
is also possible to correlate the robustness or stability of a network
with the measure proposed here, with the SF networks having com-
paratively high value of heterogeneity. On the other hand, the star
network is most vulnerable since disruption of just one node can de-
stroy the entire network. To define the new measure, we require a
network with a limiting value of heterogeneity to play a role simi-
lar to that of star network in the earlier measure. This network is
presented in the section 6.3.

It should be noted that some of the previous measures of hetero-
geneity, such as, that based on the Gini coefficient [139], can give
analytical expressions for networks of specific topology. Gini coef-
ficient, being a measure in economics characterizing wealth distri-
bution, intends to have maximum heterogeneity corresponding to a
state where wealth is accumulated at one node and none is available
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at all other nodes indicating a star topology. However, as we have
stressed in the text, the present measure is motivated by our studies
on recurrence networks from chaotic attractors. Hence we consider
heterogeneity from a physical point of view as a state where wealth
accumulation at each and every node is different from others.

Finally, the heterogeneity measure that we define below can be
shown to have direct correspondence with the entropy measure of
a complex network [144], characterized by the standard Shannon’s
measure of information S. In particular, this measure can be so ad-
justed to get the value zero for completely homogeneous networks
and the value S → 1 for the completely heterogeneous case as de-
fined by us in this work. Though there are attempts to represent
heterogeneity through entropy [145], we prefer to view the two mea-
sures as two sperate aspects of a complex network. Entropy is usu-
ally associated with the rate at which a process or system (evolving)
generates information. In the case of a network, each node can be
considered as an information hub and links as channels for dissipat-
ing information. For the completely homogeneous network, no new
information is generated while it tends to be maximum when the di-
versity in the node degrees is maximum. In this sense, entropy and
heterogeneity are closely related and both have values normalized
in the interval [0, 1]. However, while entropy is a statistical mea-
sure related to loss of information in a network, heterogeneity that
we consider here is basically a measure characterizing the diversity
of connections between the nodes and not directly concerned with
the information transfer. That is why the two measures have been
treated seperately here, though the values of both for the extreme
cases can be made identical.

Moreover, the measure that we propose below has the following
advantages:

i) Only the degree distribution of the network is required to com-
pute the heterogeneity in contrast to all the previous measures pro-
posed so far.

ii) The specific condition that we apply for the completely het-
erogeneous network provides analytical values for heterogeneity in
terms of network size.
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iii) Based on the proposed measure, we are able to give a struc-
tural characterization index for a chaotic attractor through the con-
struction of a complex network, namely, the recurrence network.

6.3 Completely Heterogeneous Complex Net-

work

In the present work, we consider an unweighted and undirected
complex network of N nodes, with all the nodes connected to the
network having a degree of at least one. If all the nodes have the
same degree k, the network is completely homogeneous with the de-
gree distribution P (k) being a δfunction peaked at k.

Now we consider the other extreme, where no two nodes have the
same degree. The maximum possible degree for a node is (N − 1).
Let the nodes be arranged in the ascending order of their degree. It
is obvious that the N th node will have to take a degree equal to that
of any one of the other nodes having degree from 1 to (N − 1). To
find out what degree is possible for the N th node under the given
condition, we start with taking small number of nodes as shown in
Figure 6.1, where we show 4 different cases of N ranging from 4 to
7. In each case, the N th node is represented as a pentagon shape with
its degree denoted as k∗. It is clear that if all the node degrees are to
be different, there is only one possible value of k∗ for the N th node,
which is N

2
if N is even and (N−1)

2
if N is odd.

We now give a simple argument that this result is true in general
for any N . The degree of node 1 is 1 which means that it is connected
only to the node with degree (N−1). That is, node 1 is not connected
to N th node. Node 2 is connected only to two nodes with degree
(N − 1) and (N − 2) and hence it is also not connected to node N . By
induction, one can easily show that the rth node is connected only to
nodes with degree (N − 1), (N − 2),.......(N − r). Suppose N is even.
When r = N

2
, this node is connected to nodes with degree from (N −

1) to N
2

. To avoid self loop, this node should be connected to node N .
Thus all nodes with higher degree from N

2
to (N − 1) are connected

to node N whose degree becomes N
2

. By a similar argument, one can
show that the degree of N th node is (N−1)

2
if N is odd.
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6.3. Completely Heterogeneous Complex Network

FIGURE 6.1: A comparison of the completely hetero-
geneous networks (see text) with N = 4, 5, 6 and 7. In
each case, all the possible k - values from 1 to (N − 1)
are present in the network as shown. One degree (one
k value) has to be shared by two nodes since the N th

node will have the degree of any one of other nodes.
It is empirically shown that this degree of N th node,
denoted by k∗, is automatically fixed (if the network
has all possible degrees from 1 to (N − 1)) and is N/2
if N is even and (N − 1)/2 if N is odd. For example,
for N = 4 and 5, k∗ = 2 and for N = 6 and 7, k∗ = 3

and so on.

Let us now consider the degree distribution P (k) of this com-
pletely heterogeneous network. All the nodes have different k values
and only two nodes share the same k value, k∗. One can easily show
that:

P (k) = P0 =
1

N
, (k 6= k∗)

P (k) =
2

N
, (k = k∗)

Our definition of heterogeneity is derived in such a way that this
network has maximum heterogeneity. This is discussed in detail in
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FIGURE 6.2: Change in the degree distribution for
a typical complex network as it is transformed from
complete homogeneity to complete heterogeneity, for

N = 10.

section 6.4. which is done in the next section.

6.4 A new measure of degree heterogeneity

It is very well accepted that a network of N nodes with all nodes
having equal degree k is a completely homogeneous network with
P (k) being a δfunction centered at k. The value of k can be any-
thing in the range 2 ≤ k ≤ (N − 1) and all these networks have
heterogeneity measure zero, for any N . In principle, the heterogene-
ity of a network should measure the diversity in the node degrees
with respect to a completely homogeneous network of same number
of nodes. All the measures defined so far in the literature directly
use the k values present in the network for computing the hetero-
geneity measure. Here we argue that a much better candidate to
define such a measure is P (k) rather than k. Since P (k) is a proba-
bility distribution, as the spectrum of k values increase, the value of
P (k) gets shared between more and more nodes with the condition∑

k P (k) = 1. In other words, this variation in P (k) reflects the di-
versity of node degrees and hence the heterogeneity of the network.
A typical variation of P (k) as the network changes from complete
homogeneity to complete heterogeneity is shown in Figure 6.2.

To get the heterogeneity measure, we first define a heterogeneity
index h for a network of N nodes:

h2 =
1

N

kmax∑
kmin

(1− P (k))2, P (k) 6= 0 (6.7)
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The condition implies that the summation is only over k values for
which P (k) 6= 0. For a completely homogeneous network, P (k) is
non zero only for one value of k, say k∗, and P (k∗) = 1, making
h = 0, for all N .

We now consider the other extreme of completely heterogeneous
case. From the results in the previous section, we have

h2
het =

1

N

(N−1)∑
k=1

(1− P (k))2 (6.8)

Putting the values of P (k) and simplifying, we get

h2
het = 1− 3

N
+
N + 2

N3
(6.9)

This is the maximum possible heterogeneity measure for a network
of N nodes. For large N , as a first approximation, we have

hhet ≈
√

1− 3

N
(6.10)

For finite N , its value is < 1 and as N → ∞, hhet → 1. To define the
heterogeneity measure (Hm) for a network, we normalize the hetero-
geneity index of the network with respect to the completely hetero-
geneous network of same number of nodes to get the value in the
unit interval [0, 1]:

Hm =
h

hhet
(6.11)

If N is sufficiently large, say N > 1000 as is the case for most
practical networks, hhet ∼ 1 and Hm ≈ h.

We note the following features regarding Hm:

i) It is defined here for unweighted and undirected complex net-
works and represents a unique measure applicable to any net-
work independent of the topology or degree distribution and
increases with the diversity in the node degrees.

ii) However, certain topologies have inherent limitations in diver-
sity. For example, Hm for a star network is very close to zero and
hence the star network is nearly homogeneous in our definition.
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This is because, in the star topology, the degree of only one node
is different from the rest of the nodes.

iii) Since we use the counts of the node degrees rather than directly
ki to find Hm, we cannot express the measure in terms of the
elements of the Laplacian matrix, as some authors have done.

FIGURE 6.3: A snapshot of different types of
complex networks in the increasing order of their
heterogeneity(Hm), taking N = 50 in all cases. From
top to bottom, the nature of the network varies from
completely homogeneous, star, RG, SF and finally to
completely heterogeneous network. The degree distri-
bution and k spectrum are also shown for each case to
indicate that Hm is a measure of the diversity in the

node degrees.

iv) For two networks of the same size N independent of the topol-
ogy, the measure we propose has a direct correspondence with
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the degree diversity in the network. To show this explicitly, we
present the k spectrum, the spectrum of k values in the network in
the form of a discrete line spectrum. In Figure 6.3, we compare
some standard networks in the increasing order of theirHm, tak-
ing N = 50. For each network, we show the degree distribution
(as histogram), the k spectrum and the value ofHm. Note that, of
different topologies, the SF network is the most heterogeneous.
Here the star network has a reasonably high value ofHm sinceN
is only 50. We also show the completely heterogeneous network
with Hm = 1, for comparison.

v) The heterogeneity index h is defined as a measure normalized
with respect to the size of the network N . For large N , since
h ∼ Hm, the measure Hm can also be used to compare the het-
erogeneities of two networks even if N is different. This is espe-
cially important for real world networks where N varies from
one network to another. However, a network with larger N
generally tends to have lower Hm since, to keep the same het-
erogeneity, the range of non zero k values should also increase
correspondingly. In other words, a network with 100 nodes at-
tains complete heterogeneity if the k values range from 1 to 99

whereas, to attain complete heterogeneity for a network of 1000

nodes, the k values should range from 1 to 999.

6.5 Degree heterogeneity of recurrence net-

works

Here we analyze the recurrence networks (RN) derived from
the time series of chaotic dynamical systems. The time series is
transformed into the corresponding recurrence network by our
scheme proposed in chapter 3.

For generating the time series, we use the equations and the pa-
rameter values given in [7] for all chaotic systems. For contin-
uous systems, we have used the sampling rate 0.05 for generat-
ing the time series. We first study how the value of Hm varies
with the number of nodes N for RNs. In Figure 6.4 (top panel),
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FIGURE 6.4: Top panel shows the variation ofHm with
N for RNs constructed from Lorenz (filled triangle)
and Henon (filled circle) attractor time series. Bottom
panel shows the variation of Hm with M for fixed N
for Lorenz (filled triangle) and Duffing (filled circle) at-
tractors. In both graphs, the error bar comes from the
standard deviation of values for Hm computed from

time series with ten different initial conditions.

we show the results for the Lorenz attractor and the Henon at-
tractor. It is evident that for large value of N , Hm converges to
a finite value. We have checked and verified that this is true
for other low dimensional chaotic attractors as well. It is found
that once the basic structure of the attractor is formed, the value
of Hm remains independent for further increase in N . In other
words, the range of k values increases with N to keep the value
of Hm approximately constant. This result also follows from the
statistical invariance of the degree distribution of the RN as has
already been shown [97].

Next, we consider the variation of Hm with embedding dimen-
sion M . This is also shown in Figure 6.4 (bottom panel) for two
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standard chaotic attractors. It is clear that the value of Hm con-
verges for M ≥ 3 in both cases. This is because, the fractal di-
mension of both these attractors are< 3. We have already shown
[97] that the degree distribution of the RN from any chaotic at-
tractor converges beyond the actual dimension of the system.
Thus, Hm turns out to be a unique measure for any chaotic at-
tractor independent of both M and N .

From the construction of RNs, the range of connection between
two nodes is limited by the recurrence threshold ε. Hence the de-
gree of a node in the RN and the probability density around the
corresponding point over the attractor are directly related. For
example, for the RN from a random time series with Gaussian
probability distribution, every node has degree close to the aver-
age value< k > since the probability density over the attractor is
approximately the same. One can show that the degree distribu-
tion of the RN from a random time series is Gaussian for largeN .
Thus, the k spectrum of the RN is indicative of the range in the
probability density variations over the attractor, which in turn,
is characteristic of the structural complexity of the attractor.

We have already shown that the measure Hm proposed here is
indicative of the diversity in the k spectrum. Moreover, it is
found to have a specific value for a given attractor independent
of M and N . It is well known that the statistical measures de-
rived from the RNs characterize the structural properties of the
corresponding chaotic attractor. In particular, since every point
on the attractor is converted to a node in the RN and the local
variation in the node degree is a manifestation of the variation
in the local probability density over the attractor, the measure
Hm can serve as a single index to quantify the structural com-
plexity of a chaotic attractor through RN construction. In Ta-
ble I, we compare the values of Hm for RNs constructed from
several standard chaotic attractors. In all cases, the saturated
value of Hm converged upto M = 5 is shown. In each case,
ten different RNs are constructed changing the initial conditions
and the average is shown with standard deviation as the error
bar. The results indicate that that among the continuous systems
compared, the Lorenz attractor is structurally the most complex
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while in the case of 2D discrete systems, Lozi attractor is found
to be the most diverse in terms of the probability density varia-
tions.

Finally, it will also be interesting to see how the value of Hm

is affected by adding noise to the chaotic time series. To test
this, we generate data adding different percentages of noise to
Lorenz data. When the value of Hm is computed, it is found that
the value reduces systematically with the increase in the noise
percentage and approaches the value of noise for a noise level
> 50%. This result clearly indicates that the measure will be
useful for analysing the real world data.

The value of Hm for random time series with N = 2000 and
M = 3 is found to be 0.084 ± 0.012. To get a comparison with
the values of conventional complex networks, we compute Hm

for a RG with p = 0.0035 that gives the same < k > as that of
the RN from random time series and a typical SF network with
γ = 2.124 with N = 2000 in both cases. The average of ten
different simulations is taken. We find that Hm = 0.087 ± 0.012

for the RG which is exactly same as the RN from random time
series and Hm = 0.114± 0.06 for the SF network.

System Hm

Lorenz 0.1942± 0.056
Rössler 0.1684± 0.042
Duffing 0.1486± 0.058

Ueda 0.1612± 0.038
Henon 0.2782± 0.044

Lozi 0.2924± 0.072
Cat Map 0.1280± 0.048

TABLE 6.1: Comparison of Hm for several standard
chaotic attractors.
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6.6 Possible extension to weighted networks

Since we have to restrict to the case of unweighted and undi-
rected networks, we could use only a small subset from the very
large variety of real world networks that are mostly weighted or
directed. To extend the measure to directed networks, one has
to consider the in-degree and out-degree distributions and find
the heterogeneity separately. In order to generalise the measure
to weighted networks, the distribution of the weight or strength
of the nodes in the network [124], [125], rather than the simple
degree distribution is to be considered and define the measure
accordingly. For example, for unweighted and undirected net-
works, all the links are equivalent and hence the degree of ıth

node ki is just the sum of the links connected to node ı. On the
other hand, for weighted networks, each link is associated with
a weight factorwij and hence the degree ki should be generalised
to the sum of the weights of all the links attached to node ı:

si =
∑
j

wij (6.12)

Thus the degree distribution needs to be generalized to the strength
distribution P (s), which is the probability that a given node has
a strength equal to s [146], [147]. Also, unlike the degree, the
strength of the node can vary continuously resulting in a hetero-
geneity that determines the distribution of strength among the
nodes. The equation for heterogeneity can be modified accord-
ingly for weighted networks to characterize node strength hetero-
geneity. However, it should be noted that the weight factors are
assigned based on different criteria depending on the specific
system or interaction the network tries to model. Modifying the
measure by incorporating the specific aspects of interaction, the
measure itself becomes network specific. The measure that we
propose here is independent of such details and is representative
of only the diversity of node degrees in a network, determined
completely by the simple degree distribution.
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6.7 Conclusion

Complex networks and the network based quantifiers have be-
come useful tools for the analysis of many real world phenom-
ena. Physical, biological and social interactions are increasingly
being modeled and characterized through the language of com-
plex network. An important measure for the characterization of
any complex network is its heterogeneity measured in terms of
the diversity of connection reflected through its node degrees.
Here we introduce a measure to quantify this diversity which
is applicable to networks of different topologies. This measure
is minimum (equal to zero) for a completely homogeneous net-
work with all ki ≡ k. To get the upper bound for the measure, we
consider the logical limit of heterogeneity possible in a network
of N nodes where nodes of degree varying from 1 to (N − 1) are
present, whose heterogeneity is normalised as 1. While consid-
ering this network of limiting heterogeneity, we also prove that
the degree that is repeated (or shared by two nodes) is N/2 if N
is even and (N−1)

2
if N is odd.

Also, the measure that we propose here uniquely quantifies the
diversity in the node degrees in the network which is character-
istic of the type and range of interactions the network represents.
The diversity also depends on the topology of the resulting net-
work. The proposed measure can quantify this diversity in the
node degrees irrespective of the topology of the network.

To illustrate the practical relevance of the measure, we analyse
the RNs constructed from the time series of chaotic dynamical
systems and highlight its utility as a quantifier to compare the
structural complexities of different chaotic attractors. As has al-
ready shown by us [97], the nonlinear character and chaotic dy-
namics underlying the time series can be distinguished from the
RNs through the usual characteristic measures of complex net-
works like CC or CPL. However the subtle differences between
the degree distributions of RNs from different chaotic systems
are not clearly evident from their CC or CPL. We find these can
be quantified uniquely using the proposed measure of degree
heterogeneity.
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Conclusion

Over the past one decade, recurrence networks have become an
important tool for the analysis of time series data. They help to
provide a deep understanding about the nature of the underly-
ing dynamics from the time series of a real world system. Even
though there are conventional tools for the analysis of the time
series, like correlation dimension (D2), correlation entropy (K2),
Lyapunov exponent etc, these tools require a sufficiently long
time series for the analysis, that spans continuous data points (of
the order of 30000 or more). But in the case of real world data, it
is difficult to obtain a continuous and lengthy time series, as the
real world data are often short, non-stationary and have data
gaps in it. Moreover, the real world data are mostly contami-
nated with different type of noises at different levels (percent-
age) of contamination. The above factors often create difficulties
in the analysis of real world data with the conventional non-
linear time series analysis techniques. In the literature, several
methods have been suggested to overcome the above difficulties
and one among them, which has attracted a lot of attention in
the past one decade is the method of recurrence networks. The
method involves converting the time series into a complex net-
work using the property of recurrence of every dynamical sys-
tem. A crucial parameter in the construction of recurrence net-
works is the recurrence threshold ε. In all the existing schemes,
the value of ε chosen differs for each time series, whatever be
the criteria used for its selection. This is mainly because of the
arbitrary size of the attractor. In this thesis, we propose a uni-
form framework for the non subjective comparison of the statis-
tical measures of the recurrence networks constructed from time
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series of various chaotic attractors. Our scheme uses identical
range of values for ε for different time series, both synthetic and
real-world, for a given embedding dimension M . This is made
possible by making use of the method of uniform deviate trans-
formation on time series. To validate the extended applicability
of the scheme, the results from several low-dimensional chaotic
attractors as well as random data are shown. As an illustration
of the practical implementation of the scheme, it is used for the
analysis of light curves from a black hole system and to iden-
tify the transitions between two dynamical regimes in a time-
delayed system. Another important outcome of the proposed
scheme not reported previously is the realization that the value
of critical threshold (εc) should be linked to embedding dimen-
sion M . This implies that the choice of M is equally important
for RN construction from time series, and a very large value of
M , as is generally believed, may not provide optimum result
with limited number of data points. It is also noted that there is
always a part in the degree distribution of the RN from a chaotic
attractor that corresponds to Poisson distribution where the k
values occur more by chance than by choice. Its position in the
degree distribution depends on the choice of ε and M . The im-
portant potential applications for our approach discussed in this
thesis are :

(i) to compare the structural properties of two chaotic attrac-
tors using network measures through the construction of
RN (refer Chapter 3);

(ii) to study the transition between two dynamical regimes as
a control parameter is varied (refer Chapter 3);

(iii) to identify the dimension of the underlying attractor from
the analysis of time series data (refer Chapter 3 and Chap-
ter 5);

(iv) to study how the addition of white and colored noise to a
chaotic time series affect the topology and structure of the
underlying attractor with the help of RN and the statistical
measures associated with it (refer Chapter 4); and

(v) for surrogate analysis using any of the RN measures as a
discriminating statistic where a nonsubjective comparison
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of the network measures from data and surrogates is re-
quired (refer Chapter 5);

One purpose for the analysis of time series by adding noise (Chap-
ter 5) in this thesis is to understand, how the topology and struc-
ture of the underlying attractor is affected by the addition of
white and colored noise. It is shown here that the addition of
white and colored noise affect the structure of the attractor dif-
ferently. However, both tend to obscure the characteristic prop-
erty of recurrence of the trajectory points over the attractor. The
characteristic features of the attractor are not completely lost till
the noise level reaches close to 50% in both cases. It should be
noted that the analysis of noise addition conducted here is only
for the additive noise on a time series data. The structure of the
chaotic attractor can also be affected by another important cate-
gory of noise, namely, the dynamic or parametric noise is also
physically important, which requires a separate and detailed
analysis. The second purpose of the study on addition of noise is
to know how the RN measures computed from a time series pro-
posed by our scheme change with the addition of observational
noise to the data. It is shown here that the white and colored
noise affect the measures differently. Finally, analysis on a real
world data is also done by using the representative light curves
from different spectroscopic classes of black hole GRS1915+105,
where both white and colored noise are expected. Here, it is
shown that these measures are effective for a first analysis of the
data and can distinguish between contamination of white and
colored noise. It is also shown that, more highly accurate results
on the nature and amount of noise content in time series can be
obtained by a combined surrogate analysis using network mea-
sures.

The main objectives of the surrogate analysis done in this thesis
using RN measures are:

(i) to test the efficiency of RN measures in hypothesis testing
using surrogate data
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(ii) to check whether these measures are effective if the data
involves both white noise an colored noise which are very
common in real world systems and

(iii) to illustrate the possibility of a network based approach
to find the dimensionality of the underlying system if the
time series deviates from a purely stochastic process.

For the surrogate data analysis, we used three important net-
work measures CPL, CC and the degree distribution. Among
them, the first two measures are used as discriminating mea-
sures. We applied a specific hypothesis that the data are de-
rived from a linear stochastic process and then attempted to re-
ject it using IAAFT surrogates. The time series from the standard
Lorenz attractor added with different amounts of white noise,
1/f noise and red noise have been used to test the results of the
analysis. It is found that CC is not a good discriminating mea-
sure if the data involves colored noise whereas CPL is effective
in the presence of both white and colored noise. Hence we use
CPL as the discriminating measure in the further analysis of real
data, the light curve from 12 spectroscopic classes of the black
hole system GRS 1915+105. One novel aspect of this analysis is
the result that, the network approach can be combined with a
new measure derived from the probability distribution of the
clustering coefficient to get information regarding the dimen-
sion of the underlying system in the time series. Also, using this
measure we are able to identify the dimension of the light curves
from all the temporal states for which the null hypothesis can be
rejected. Thus we find that a network approach with CPL as
discriminating measure and the convergence measure based on
P (C) is better suited to study the temporal properties of time se-
ries from the real world. The present study mostly supports the
previous one with null hypothesis rejected for the same states. It
is to be specially mentioned here that one additional information
of the present approach is the possibility of deriving the dimen-
sion also from a time series with a limited number of data points
and a better information regarding colored noise contamination
in various states.

An important measure for the characterization of any complex
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network is its heterogeneity measured in terms of the diversity
of connections reflected through its node degrees. Here, we in-
troduce a measure to quantify this diversity which is applicable
to networks of different topologies. This measure is minimum
(equal to zero) for a completely homogeneous network with all
ki ≡ k. To get the upper bound for the measure, we consider the
logical limit of heterogeneity possible in a network of N nodes
where nodes of degree varying from 1 to (N − 1) are present,
whose heterogeneity is normalized as 1. While considering this
network of limiting heterogeneity, we also prove that the de-
gree that is repeated (or shared by two nodes) isN/2 if N is even
and (N − 1)/2 if N is odd. Also, the measure that we propose
here uniquely quantifies the diversity in the node degrees in the
network which is characteristic of the type and range of inter-
actions the network represents. To illustrate the practical rele-
vance of the measure, we analyze the RNs constructed from the
time series of chaotic dynamical systems and highlight its utility
as a quantifier to compare the structural complexities of differ-
ent chaotic attractors. We also show that the nonlinear character
and chaotic dynamics underlying the time series can be distin-
guished from the RNs through the usual characteristic measures
of complex networks like CC or CPL. However, the subtle dif-
ferences between the degree distributions of RNs from different
chaotic systems are not clearly evident from their CC or CPL. We
find these can be quantified uniquely using the proposed mea-
sure of degree heterogeneity.

Finally, an important step forward in our analysis is to try and
develop a similar scheme for RNs where the connections have
weight factors. Here we have considered un-weighted RNs so
the resulting adjacency matrix is binary. We hope that a weighted
RN can unravel more information regarding the topological and
structural properties of chaotic attractors. Also, a very important
practical application of the network approach is the analysis of
biomedical time series to develop quantitative measures of clin-
ical relevance. These are possible works for the future.
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[41] P. Erdős and A Rényi, “On random graphs”, Publ. Math.
Debrecen, vol. 6, pp. 290–297, 1959.
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